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Charged	and	neutral	excitations
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Direct	photoemission
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Inverse	photoemission
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Absorption
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Electronic	structure	calculations

Predict	ground	state	geometries	and	electronic	structures

Moderate	computational	cost
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Band	Gap

Adapted	from	M.	van	Schilfgaarde	et	al.	PRL	96	(2006)

Huge	discrepancy	not	due	to	the	LDA

Si:	

0.47	eV	(LDA)	vs	1.1	eV	(expt)


GaAs:

	0.30	eV	(LDA)	vs	1.4	eV	(expt)
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Band	Gap:	definition
Direct	photoemission

The	ejection	(removal)	of	an	electron	is	always	a	many-body	process

Total	energy	difference	between	the	N-particle	
ground	state	and	the	(N-1)	particle	state	that	remains	

after	the	emission

Inverse	photoemission

electron	affinity ionization	potential
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Quasiparticle

electron	affinity ionization	potential
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Quasiparticle

electron	affinity ionization	potential
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Quasiparticle

electron	affinity ionization	potential
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Band	Gap:
Can	we	calculate	the	QP	gap	directly	using	total	energies	from	DFT-LDA?
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	the	QP	gap
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Green	function
Definition	and	meaning	of	G

probability	amplitude	for	the	propagation	of	an	additional	electron	from	(r2,t2)	to	
(r1,t1)	in	a	many	body	electron	system	with	interacting	H
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Green	function
Similarly	for	an	hole	propagation

We	define	G	as: Time-ordered	Green	Function
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Green	function:	Excitation	spectrumExcitation Spectrum

G(r1t1, r2t2) = � i
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Green	function

Green	Function	has	poles	at	the	true	many-particle	
excitation	energies

G(r1t1, r2t2) = �i
�

j

fj(r1)f⇥j (r2)e�i�j(t1�t2)
⇥
⇥(t1 � t2)⇥(�j � µ)� ⇥(t2 � t1)⇥(µ� �j

⇤

�j =
E(N + 1, j)� E(N)

E(N)� E(N � 1, j)
fj(r1) =

��N
0 |�̂(r1)|�N+1

j ⇥

��N�1
j |�̂(r1)|�N

0 ⇥

�j > µ

�j < µ

Excitation Spectrum

Fourier Transform :

G(r1, r2,⇤) =
�

j

fj(r1)f�
j (r2)

⇤ � �j + i⇥sgn(�j � µ)

Green Function has poles at 
the true many-particle 

excitation energies 

Spectral Function: Density of the excited states 

A(r1, r2;⌅) =
1
⇤

|⇥G(r1, r2,⌅)| =
�

j

fj(r1)f�
j (r2)�(⌅ � ⇥j)

G(r1, r2,⇥) = �
� ⇤

�⇤

A(r1, r2;⇥⇥)
�⇥ � �⇥⇥ + sgn(�⇥⇥ � µ)i�

d⇥⇥

Fourier	Transforming	in	frequency	domain:
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Self	Energy
How	to	obtain	G??
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Self	Energy
How	to	obtain	G??

Perturbation	theory	starts	from	what	is	known	to	evaluate	what	is	not	known	...hoping	that	the	
difference	is	small

(e.g.	non	interacting	
electrons)
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Quasiparticle	Equation

Let’s	suppose	we	know	the	Self	Energy
and	consider	G0	the	Green	function	of	a	mean	field	system	defined	by

single-particle	Hamiltonian
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Introducing	the	Lehmann	representation	for	G

QP	equation:	looks	similar	to	KS	equation	but:
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Quasiparticle	Equation

Let’s	suppose	we	know	the	Self	Energy
and	consider	G0	the	Green	function	of	a	mean	field	system	defined	by

single-particle	Hamiltonian

Introducing	the	Lehmann	representation	for	G

QP	equation:	looks	similar	to	KS	equation	but:

contains	many	body	effects	(as											)

is	not	Hermitian,	non-local,	frequency	dependent
part	of	the	potential	of	a	fictitious	system

potential	felt	by	an	added	(removed)	electron	to	(from)	the	system

not	orthonormal

are	complex



Efficient	materials	modelling	on	HPC	with	

QUANTUM	ESPRESSO,	Yambo	and	BigDFT

GW	Self	Energy
QP	equation	describes	the	excitations	of	the	Many-Body	system

We	have	to	know	how	is	made	the	operator
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GW	Self	Energy
QP	equation	describes	the	excitations	of	the	Many-Body	system

We	have	to	know	how	is	made	the	operator

As	a	perturbation	we	do	not	consider	the	interaction	V,	but	the	screened	Coulomb	W	that	
has	reduced	strength

Fully	interacting	electrons

Weakly	interacting	
quasiparticle
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Hedin’s	Equations

L.	Hedin,	Phys	Rev.	139,	A	769	(1965)
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How	to	obtain	the	Self	energy:	Iteration	of	Hedin’s	Equations	and	GW

They	cannot	be	solved	numerically	as	they	contain	functional	derivatives,	
but	they	can	be	iterated	to	derive	useful	approximations
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Iteration	of	Hedin’s	Equations	and	GW
They	cannot	be	solved	numerically	as	they	contain	functional	derivatives,	

but	they	can	be	iterated	to	derive	useful	approximations

Remark:

This	is	an	approximation!!

This	is	another	
approximation!!
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GW	approximation	in	practice

Goal:

Green	function	of	the	non-interacting	system

Polarization	and	Screening
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GW	approximation	in	practice

Goal:

Starting	point:	solve	an	independent-particle	calculation:	e.g.	LDA
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GW	approximation	in	practice

Goal:
Screened	potential

Random	Phase	Approximation	(RPA)
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GW	approximation	in	practice
Different	implementations:

Reciprocal	Space	&	Frequency	Domain:

	M.	Hybertsen	and	S.	Louie	PRB	34,	5390	(1986)

Real	Space	and	Real	Time:	

H.N.	Rojas,	R.	W.	Godby	and	R.	J.	Needs	PRL	74,	1827	(1995)

Use	of	localized	basis	set:	

H.	Huebener,	M.	A.	Perez-Osorio,	P.	Ordejon,	and	F.	Giustino		Eur.	Phys.	J.	B	85,	321	(2012).

M.	Rohlfing,	P.	Kruger,	and	J.	Pollmann,	Phys.Rev.	B	52,	1905	(1995).

X.	Blase,	C.	Attaccalite,	and	V.	Olevano	PRB	83,	115103	(2011)	

F.	Bruneval,	T.	Rangel,	S.M.	Hamed,	M.	Shao,	C.	Yang,	and	J.B.	Neaton,	Comput.	Phys.	Commun.	208,	149	
(2016)

Use	of	Wannier	Function:	

P.	Umari,	G.	Stenuit	and	S.	Baroni		PRB	79,	201104(R)	(2009)

Benchmarking	codes:	Reproducibility	in	G0W0	Calculations	for	Solids	T.	Rangel,	M.	Del	Ben,	D.	Varsano	et	
al.	Computer	Physics	Communications	255	107242,	(2020)	
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(2016)
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What	makes	GW	calculations	even	at	G0W0	level	rather	“laborious”:
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GW	approximation	in	practice

What	makes	GW	calculations	even	at	G0W0	level	rather	“laborious”:
Careful	is	needed:

Integration	over	the	Brillouin	zone
Sum	over	unoccupied	states
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GW	approximation	in	practice

What	makes	GW	calculations	even	at	G0W0	level	rather	“laborious”:
Careful	is	needed:

Integration	over	the	Brillouin	zone
Sum	over	unoccupied	states
Integration	in	energy	domain



Efficient	materials	modelling	on	HPC	with	

QUANTUM	ESPRESSO,	Yambo	and	BigDFT

Exchange	Self	Energy	
(7)  Exchange self energy:  yambo -x       

%QPkrange                    
  1|  5| 20|  59|
  4|  8| 60|  80|
%
%QPerange (-V qp)                   
  1| 32| 0.0|-1.0|
%           

nk, n’k’ ranges where GW/Σx  elements are calculated
first k-point | last k-point | lower band | upper band
This can be split over several lines for multiple groups
Tip: careful use of fewer k-points and bands reduces the calculation 
time; yambo will interpolate the rest
nk,nk’ ranges (alternative method)
first k-point | last k-point | lower energy | upper energy

occupied 
bands only

DFT k-grid
{q} = {k-k’}

G-vectors in the exchange 
Number of RL vectors, or energy in Ry / mHa / etc
Tip: set to less than FFTGvecs

See (1)See (6)

EXXRLvcs= 2487001  RL    
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Correlation	Self	Energy	

(8) Correlation part of self energy:  yambo -g n 

% GbndRnge
   1 |  50 |                
% NGsBlkXp= 100   RL

Response block size
See (9)

%QPkrange                    
  1|  5| 20|  59|
  4|  8| 60|  80|
%
%QPerange (-V qp)                   
  1| 32| 0.0|-1.0|
%           

nk, n’k’ ranges where GW/Σc  elements are calculated
first k-point | last k-point | lower band | upper band
This can be split over several lines for multiple groups
Tip: careful use of fewer k-points and bands reduces the 
calculation time; yambo will interpolate the rest

Bands  used in the GW summation
QP energies usually shows slow 
convergence
Tip: If you are interested in gaps, energy 
differences converge faster
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Electron	Energy	Loss	spectrum

All	components	exhibit	a	peak,	otherwise	the	amplitude	is	small
Model	Dielectric	function:	Plasmon-Pole	approximation
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GW	approximation	in	practice:	Plasmon-Pole	approximation

Electron	Energy	Loss	spectrum

All	components	exhibit	a	peak,	otherwise	the	amplitude	is	small
Model	Dielectric	function:	Plasmon-Pole	approximation
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Electron	Energy	Loss	spectrum

All	components	exhibit	a	peak,	otherwise	the	amplitude	is	small
Model	Dielectric	function:	Plasmon-Pole	approximation

The	energy	integral	is	now	analytic

Different	recipes	to	evaluate	poles	and	residues
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Si C

Ne ZnO

P. Larson, M. Dvorak, and Z. Wu Phys Rev. B 88, 
125205 (2013)

Real	part	along	real	axis

ZnO case M. Stankovki et al. Phys Rev. B 84, 
241201 (2011)

Ex:	interfaces,		d	electrons	in	copper:	A.	Marini,	
G.	Onida,	R.	Del	Sole	PRL	88,	01643	(2002)

PAUL LARSON, MARC DVORAK, AND ZHIGANG WU PHYSICAL REVIEW B 88, 125205 (2013)

TABLE I. Calculated G0W0 band gaps (in eV) using the four
plasmon-pole models of GN, HL, vdLH, and EF, compared to
numerical integration and experimental data, which exclude the
electron-phonon interaction. The last column reports the invariant
part of the localization length (σ inv

el ) of valence electrons.

GN HL vdLH EF Numerical Expt. σ inv
el (Å)

Si 1.20 1.25 1.23 1.26 1.21 1.24 1.465
C 6.10 6.25 6.25 6.29 6.15 6.11 0.838
Ge 0.68 0.72 0.70 0.71 0.69 0.85 1.533
Ne 19.65 20.99 20.51 19.99 19.41 21.50 0.879
AlN 5.55 5.73 5.71 5.74 5.59 6.29 0.891
GaN 3.51 3.61 3.62 3.66 3.54 3.44 1.064
GaAs 1.13 1.15 1.14 1.16 1.13 1.59 1.527
MgO 7.13 7.61 7.46 7.39 7.13 7.85 0.838
ZnO 2.27 2.80 2.30 2.37 2.17 3.53 0.920

requiring self-consistent GW computations19,20 and/or more
accurate DFT wave functions to construct G and W .37,47–50

Here we focus on the effects of the PPM on band structures,
and our calculations suggest that for Si, Ge, and GaAs all
four PPMs give very close Eg values (within 0.1 eV) to those
from numerical integration. For AlN, GaN, and C, variations
in Eg are in the range 0.1–0.2 eV, while for MgO, ZnO, and
Ne the differences in Eg are larger than 0.5 eV using various
PPMs. For all these materials the GN PPM always agrees very
well with the numerical integration, whereas the other three
PPMs tend to overestimate Eg, which is especially significant
in MgO, ZnO, and Ne.

We also studied the effects of the PPM on the many-
body corrections to individual QP energies, as summarized
in Table II for the conduction-band minimum (CBM) and
valence-band maximum (VBM). Although the variations in
"Eg (EG0W0

g − EDFT
g ) of Si and C are negligible using these

four PPMs, the many-body corrections to CBM ("Ec) and
VBM ("Ev) vary noticeably. We find that (1) the GN results
are very different from the HL, vdLH, and EF results, which
are relatively similar; (2) for solid Ne, "Ec is not sensitive to
the choice of PPM, while "Ev depends strongly on the PPM;

TABLE II. Calculated G0W0 corrections (in eV) to DFT CBM
("Ec), VBM ("Ev), and band gaps ("Eg) using the four plasmon-
pole models of GN, HL, vdLH, and EF, compared to numerical
integration.

GN HL vdLH EF Numerical

Si "Ec 0.50 0.22 0.21 0.26 0.51
"Ev −0.15 −0.48 −0.47 −0.45 −0.11
"Eg 0.65 0.70 0.68 0.71 0.62

C "Ev 1.16 0.77 0.75 0.82 1.09
"Ec −0.19 −0.73 −0.75 −0.72 −0.30
"Eg 1.35 1.50 1.50 1.54 1.39

Ne "Ec 2.80 2.67 2.69 2.74 2.84
"Ev −5.48 −6.95 −6.45 −5.88 −5.20
"Eg 8.28 9.62 9.14 8.62 8.04

ZnO "Ec 0.79 0.13 0.22 0.51 0.78
"Ev −0.61 −1.80 −1.21 −0.99 −0.52
"Eg 1.40 1.93 1.43 1.50 1.30

(3) both "Ec and "Ev for ZnO change considerably when
varying the PPM; and (4) for all these materials the GN results
of "Ec and "Ev agree excellently with those from numerical
integration, which is consistent with the previous work.51

Since the PPM approximates the dynamic screening, which
is strongly correlated to the level of electron delocalization,52,53

we quantify this by computing the localization length (σel)
of valence electrons. Here σel =

√
S/N , and the spread

functional S of an N -band crystal in real space is defined as

S =
N∑

n=1

[
〈r2〉n − 〈r〉2

n

]
. (2)

S can be decomposed into one gauge-invariant term S inv and
a variant term S̃, and the minimized S̃ can be obtained by
employing the WANNIER90 code52,54 to search over a range of
unitary transformations to the wave functions.

The last column of Table I shows the calculated invariant
part of the localization lengths σ inv

el , which clearly suggests that
for the highly delocalized electronic systems, such as Si, Ge,
and GaAs, these four PPMs behave very similarly to numerical
integration on band gaps, whereas for the strongly localized
systems such as MgO, ZnO, and Ne, the G0W0 band gaps
differ significantly with different PPMs used, as visualized in
Fig. 1. We note that although C has a σ inv

el comparable to those
of ZnO and Ne, its lattice constant is much smaller than those
of ZnO, Ne, and Si; therefore, its valence electrons are much
less localized than ZnO and Ne, as graphically demonstrated
in Fig. 2: ZnO and Ne have strongly localized valence electron
distributions, whereas the valence electrons in Si and C are
much more extended.
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FIG. 1. (Color online) Performance of four PPMs on band gap
(Eg) with respect to localization length (σ ) of valence electrons. Here
the vertical axes are the difference in computed Eg using PPMs and
numerical integration; (a) the horizontal axis is the invariant part of
the localization length, and (b) it is scaled by lattice constant alatt.
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Full	integration	is	needed:	alternative	methods;	
e.g:	

Frequency	 dependence	 in	 GW	 made	 simple	 using	 a	
multi-pole	 approximation	 D.	 A.	 Leon,	 C.	 Cardoso,	 T.	
Chiarotti,	D.	Varsano,	E.	Molinari,	and	A.	Ferretti	Phys.	
Rev.	B	104,	115157	(2021)	 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The	plasmon	pole	approximation

(9)  Plasmon Pole approximation (PPA):  yambo -p p      
Components of the Dielectric matrix approximated has a single pole functions:  

Residuals                    and energies                     are found by imposing the PPA to reproduce the exact 
function at ω = 0 and ω =     ,          with               being a suitable user-defined parameter. 

% BndsRnXp
 1 | 100 |
Bands used (empty & filled)
Range from 1 to nbnd
Reduce range to lower memory.
 
NGsBlkXp= 100            RL 
Response block size

PPAPntXp= 27.21138     eV    
PPA imaginary energy

The QP energies should not depend too much on the choice 
of imaginary plasmon frequency. Tip: Choose a value higher 
in energy than the plasmon peak (EELS spectrum)
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GW	approximation	in	practice
Goal:

This	is	another	approximation,	very	frequently	used	
and	not	always	valid!

(8a) Dyson Solver:  yambo -g n/s 

DysSolver= "n"  First order expansion around KS eigenvalue             

dScStep=  0.10000   eV    # [GW] Energy step to evaluate Z 

DysSolver= "s"  Secant iterative method          

https://en.wikipedia.org/wiki/Secant_method
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mechanism that, in simple metals, leads to the well known 
quadratic scaling of Γe–e

nk |OMS near the Fermi level, as a func-
tion of distance of εnk from the Fermi level itself.

More physical insight in the electronic lifetimes will be 
given in section 6.2 where the phonon-mediated case will be 
described.

4.3. Reducing the number of empty states summation:  
terminators

In section 3.3 we have discussed the X-terminator procedure. 
A similar scheme can be adopted to study the correlation part 
of the GW self-energy, as from equation  (16) of [53]. Also 
in this case the approximation implies the introduction of an 
extra term that takes into account contributions arising from 
states not explicitly included in the calculation. The input 
parameter governing the use of the terminator corrections on 
the self-energy (G-terminator) is

*7HUP.LQG��=���QRQH�  #� *:� WHUPLQDWRU�
��QRQH���%*��

(default: �QRQH�). When the variable is set to QRQH, the 
G-terminator is not applied. On the contrary when it assumes 
the value %*, the extrapolar corrective term is calculated. The 
extrapolar energy for the self-energy is de"ned by the tunable 
input variable

*7HUP(Q��=  1.5 Ha  #� >;@� ;� WHUPLQDWRU�
HQHUJ\

(default: 1.5 Ha).
Also in this case, the value is referenced to the highest 

band included in the calculation. In "gure 5 we reconsider 
the system discussed in the example of section 3.3, "gure 3. 
In this case, however, we study the convergence of the self-
energy by exploiting the G-terminator procedure. Empty 
circles connected with solid lines show the usual GW 
conv ergence for the VBM and CBM states (no corrections 

applied). Calculations have been performed by imposing a 
high number of bands in the polarisability (that is therefore 
converged) and by increasing the number of bands included 
in the self-energy. We set *7HUP(Q  =  1.5 Ha, that repre-
sents the best choice for this system. Improvements provided 
by the use of the G-terminator procedure are represented 
by solid circles connected with solid lines; it is evident that 
the application of this scheme accelerates the convergence 
by leading to a signi"cant reduction in the number of states 
necessary to converge the GW self-energy and therefore the 
calculated QP correction.

In order to elucidate the role played by the extrapolar 
parameter, we report in "gure  6 a convergence study of 
the VBM GW correction for a TiO2  nanowire (NW). The 
black line is obtained without applying any correction. 
Coloured lines are instead obtained by applying both X- and 
G-terminators, moving the extrapolar energy from 1.0 to 3.0 
Ha. Results are reported as a function of the number of states 
explicitly included in the calculation of both polarisability 
and self-energy. As pointed out in [53], the extrapolar energy 
for the self-energy can be safely taken equal to the extrapolar 
energy introduced in equation (C.3) for the polarizability; for 
this reason we impose ;7HUP(Q  =  *7HUP(Q. Consistently 
with the study of "gure  6, the convergence of the VBM 
without terminators is very slow and requires the inclusion of 
a large number of bands to be achieved; this condition makes 
the calculation cumbersome also on modern HPC-machines. 
When the terminator technique is adopted to correct both 
polarisability and self-energy, the conv ergence becomes 
much faster; especially for some values of the extrapolar 
energy (about 1.5 Ha), we observe a signi"cant reduction in 
the number of bands necessary to converge the calculation, 
with a strong reduction of both the time-to-solution and the 
allocated memory. Noticeably, the correction is almost inde-
pendent on the selected extrapolar energy (terminators are 
convergence accelerators and the extrapolar correction van-
ished in the limit of in"nite bands included); this parameter 
therefore in#uences the number of bands necessary to conv-
erge the calculation (and thus the computational cost of the 
simulation) but not the "nal result.

Figure 4. e–e linewidths (Γnk) and lifetimes (τnk) of selected 
d-bands of copper. Different level of approximations are shown 
together with the experimental data (diamonds with error bars). The 
calculated lifetimes are: full line; G0W0. Dotted line: OMS G0W0. 
Dashed line: OMS G1W0. (reprinted with permission from [68].  
© (2001) by the American Physical Society).
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Figure 5. Effect of the G-terminator on the convergence versus 
number of bands included in the self-energy on the VBM and CBM 
GW-corrections for a bulk Si described in a supercell.
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4.4. Interpolation of the QP band structure

In DFT the eigenvalues of the Hamiltonian at every k-point 
can be obtained by the knowledge of the ground-state charge 
density, allowing one to perform non-self-consistent calcul-
ations on an arbitrary set of k-points. Instead at the HF or 
GW level, to obtain QP corrections for a given k-point it is 
necessary to know the KS wave-functions and eigen-energies 
on all (k + q)-points, having chosen a regular grid of q-points 
as convergence parameter. In practice yambo computes QP 
corrections on a regular grid. As a consequence the evaluation 
of band structures along high-symmetry lines can be compu-
tationally very demanding.

A simple strategy which is implemented in ypp is to inter-
polate the QP corrections from such regular grid to the desired 
high symmetry lines. The approach implemented is based on 
a smooth Fourier interpolation [72], which is particularly ef!-
cient for 3D grids. The interpolation scheme can also take, 
as additional input, the KS energies computed along the high 
symmetry lines to better deal with bands crossing and regions 
with non analytic behaviour, such as cusp-like features.

A more involved strategy is instead based on the Wannier 
interpolation scheme as implemented in the ZDQQLHU�� [73] 
and :DQ7 [74] codes, where electronic properties computed 
on a coarse reciprocal-space mesh can be used to interpolate 
onto much !ner meshes at low cost [75]19. In the context of 
GW calculations, the Wannier interpolation scheme can be 
used to interpolate the QP energies and other band structure 
properties [74] (e.g. effective masses) from QP corrections 
computed only on selected k-points. Wannier interpolation of 
GW band structures requires two sets of inputs: on one side 
quantities computed at the DFT level such as KS eigenvalues, 

overlaps between different KS states, and orbital and spin 
projections of KS states, that are imported from Quantum 
ESPRESSO, and on the other side the QP corrections com-
puted by yambo. In fact, ZDQQLHU�� works with uniform 
coarse meshes on the whole BZ, while yambo uses symme-
tries to compute quantities on the IBZ. In addition, converging 
the GW self-energy typically requires denser meshes with 
respect to what is needed for the charge density or Wannier 
interpolation. To address this issue, ypp allows one to unfold 
the QP corrections from the IBZ to the whole BZ, as required 
by ZDQQLHU�� for interpolation purposes. Finally the wan�
QLHU�� code yields a GW-corrected Wannier Hamiltonian 
and interpolates the GW band structure. A similar procedure 
is implemented in :DQ7.

For example, in monolayer WS2 a grid of 48 × 48 × 1 (or 
denser) is required to converge the GW self-energy. In this 
case, the band structure can be obtained either by explic-
itly computing the QP corrections on all k-points of the 
48 × 48 × 1 grid, or it can be Wannier-interpolated from 
the QP corrections computed onto coarse subgrids, such as 
a 6 × 6 × 1 corresponding to seven symmetry-nonequivalent 
k-points only in the IBZ (see !gure 7). The second approach 
requires substantial less CPU time.

5. Optical absorption

The solution of the Bethe–Salpeter equation  on top of 
DFT-GW is the state-of-the-art !rst principles approach to 
calculate neutral excitations in solid-state systems [1], with 
successful applications to, molecules [60, 76], surfaces  
[77, 78], two-dimensional materials [79, 80], and nanostruc-
tures [81, 82], including biomolecules in complex environ-
ments [83, 84]. The BSE is a Dyson equation for the four point 
response function L. It can be rewritten as an eigenproblem 
for a two-particle effective Hamiltonian H2p in the basis of 
electron and hole pairs |eh〉. H2p is the sum of an independent-
particle Hamiltonian HIP—i.e. the e–h energy differences 
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Figure 7. GW band structure of monolayer WS2 including 
spin–orbit coupling and using 48 × 48 × 1 k-points grid for the 
self-energy. The orange lines represent Wannier-interpolated bands 
obtained from 7 QP energies corresponding to a 6 × 6 × 1 grid 
(black dots), while the red dots shows the QP energies of the full  
48 × 48 × 1 grid.

19 A tutorial on the Wannier interpolation of the GW band structure of  
silicon is available in the ZDQQLHU�� package on GitHub.
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Figure 6. Convergence plots of GW-corrected data for the VBM 
of a TiO2  NW (27 atoms, 108 occupied states) as a function of 
the number of bands included in the calculation. Response and 
self-energy terminators are simultaneously applied. Calculations 
have been performed using the same number of bands for the 
polarizability and the self-energy. The black line show the usual 
GW convergence with no corrections. Coloured lines are obtained 
applying the method of [53] with different values of the extrapolar 
energy, ranging from 1.0 to 3.0 Ha above the last explicitly 
calculated KS state.
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VBM	GW	correction	for	TiO2	Nanowire	

(108	occupied	bands)
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Non	periodic	3D	systems:	nanostructures
Avoiding	spurious	replica	interactions	in	non	periodic	directions

if r ! C0 and r " A0 then ñ!r" = 0. !18"

The size LC of the super cell in the nonperiodic directions
depends on the periodic dimensionality of the system. In
order to completely avoid any interaction, even in the case
the density of the system is not zero at the cell border, for a
3D system it has to be

LC = !1 + #3"L for the finite case,

LC = !1 + #2"L for the 1D-periodic case,

LC = 2L for the 2D-periodic case. !19"

Actually, since the required super cell is quite large, a com-
promise between speed and accuracy can be achieved in the
computation, using a parallelepiped super cell with LC=2L,
for all cases. This approximation rests on the fact that the
charge density is usually contained in a region smaller than
the cell in the nonperiodic directions, so that the spurious
interactions are, in fact, avoided, even with a smaller cell.
Therefore, on the basis of this approximation, we can choose
the value of the cutoff length R always as half the smallest
primitive vector in the nonperiodic dimension.

Figure 1 schematically illustrates how the supercell is
built for a 2D system in all the possible cases, i.e., 2D peri-
odic, 1D periodic, and 0D periodic. The charge density of the

system is represented by the circles. Straight lines represent
!super"cell boundaries, while dashed lines reproduce the 2D-
periodic lattice, and are left in place for reference. The upper
sketch corresponds to the 2D-periodic case !i.e., a 2D crystal,
with lattice constant L". No supercell is needed here. The
middle sketch corresponds to a 1D-periodic system. The in-
teraction between two different chains is quenched, but it is
allowed among all the elements belonging to each chain. The
bottom sketch refers to the 0D-periodic case. None of the
images can interact with the system in the middle supercell.

IV. CANCELLATION OF THE SINGULARITIES

The main point in the procedure of eliminating the diver-
gences in all the cases of interest is to observe that our final
goal is usually not to obtain the expression of the Hartree
potential alone. In fact all the physical quantities depend on
the total potential, i.e., on the sum of the electronic and the
ionic potential. When this sum is considered we can exploit
the fact that each potential is defined up to an arbitrary ad-
ditive constant, and choose the constants consistently for the
two potentials. Since we know in advance that the sum must
be finite, we can include, so to speak, all the infinities into
these constants, provided that we find a method to separate
out the long range part of both potentials on the same foot-
ing.

In what follows we show how charge neutrality can be
exploited to obtain the exact cancellations when operating
with the cutoff expression of Sec. III in Fourier space.

The total potential of the system is built in the following
way: we separate out first short and long range contributions
to the ionic potential by adding and subtracting a Gaussian
charge density n+!r"=Z exp!−a2r2". The potential generated

by this density is V+!r"=Z
erf!ar"

r . The ionic potential is then
written as

V!r" = !V!r" − V+!r" , !20"

where a is chosen so that !V!r" is localized within a sphere
of radius ra, smaller than the cell size. The expression of the
ionic potential in reciprocal space is

V!G" = !V!G" − V+!G" , !21"

where

!V!G" = 4"$
0

+# r sin!Gr"
G

!V!r"dr , !22"

V+!G" =
4"

G2 exp%−
G2

4a2& . !23"

The limit for G=0 gives a finite contribution from the first
term, and a divergent contribution from the second term

lim
G→0

!V!G" = 4"$
0

+#

r2!V!r"dr , !24"

FIG. 1. Schematic description for the supercell construction in a
2D system. The upper sketch corresponds to the 2D-periodic case
!i.e., a 2D bulk crystal". The middle sketch corresponds to a 0D-
periodic system !i.e., a finite 2D system", and the bottom one to a
1D-periodic !i.e., an isolated chain". In the 0D-periodic case the
electrons belonging to different cells do not interact, while in the
1D-periodic a chain does not interact with another, but all the elec-
trons of the chain do interact with each other !see text for details".
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interactions are, in fact, avoided, even with a smaller cell.
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be finite, we can include, so to speak, all the infinities into
these constants, provided that we find a method to separate
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exploited to obtain the exact cancellations when operating
with the cutoff expression of Sec. III in Fourier space.

The total potential of the system is built in the following
way: we separate out first short and long range contributions
to the ionic potential by adding and subtracting a Gaussian
charge density n+!r"=Z exp!−a2r2". The potential generated

by this density is V+!r"=Z
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r . The ionic potential is then
written as
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where a is chosen so that !V!r" is localized within a sphere
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FIG. 1. Schematic description for the supercell construction in a
2D system. The upper sketch corresponds to the 2D-periodic case
!i.e., a 2D bulk crystal". The middle sketch corresponds to a 0D-
periodic system !i.e., a finite 2D system", and the bottom one to a
1D-periodic !i.e., an isolated chain". In the 0D-periodic case the
electrons belonging to different cells do not interact, while in the
1D-periodic a chain does not interact with another, but all the elec-
trons of the chain do interact with each other !see text for details".
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for all cases. This approximation rests on the fact that the
charge density is usually contained in a region smaller than
the cell in the nonperiodic directions, so that the spurious
interactions are, in fact, avoided, even with a smaller cell.
Therefore, on the basis of this approximation, we can choose
the value of the cutoff length R always as half the smallest
primitive vector in the nonperiodic dimension.

Figure 1 schematically illustrates how the supercell is
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with lattice constant L". No supercell is needed here. The
middle sketch corresponds to a 1D-periodic system. The in-
teraction between two different chains is quenched, but it is
allowed among all the elements belonging to each chain. The
bottom sketch refers to the 0D-periodic case. None of the
images can interact with the system in the middle supercell.
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gences in all the cases of interest is to observe that our final
goal is usually not to obtain the expression of the Hartree
potential alone. In fact all the physical quantities depend on
the total potential, i.e., on the sum of the electronic and the
ionic potential. When this sum is considered we can exploit
the fact that each potential is defined up to an arbitrary ad-
ditive constant, and choose the constants consistently for the
two potentials. Since we know in advance that the sum must
be finite, we can include, so to speak, all the infinities into
these constants, provided that we find a method to separate
out the long range part of both potentials on the same foot-
ing.

In what follows we show how charge neutrality can be
exploited to obtain the exact cancellations when operating
with the cutoff expression of Sec. III in Fourier space.

The total potential of the system is built in the following
way: we separate out first short and long range contributions
to the ionic potential by adding and subtracting a Gaussian
charge density n+!r"=Z exp!−a2r2". The potential generated

by this density is V+!r"=Z
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r . The ionic potential is then
written as

V!r" = !V!r" − V+!r" , !20"

where a is chosen so that !V!r" is localized within a sphere
of radius ra, smaller than the cell size. The expression of the
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where
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FIG. 1. Schematic description for the supercell construction in a
2D system. The upper sketch corresponds to the 2D-periodic case
!i.e., a 2D bulk crystal". The middle sketch corresponds to a 0D-
periodic system !i.e., a finite 2D system", and the bottom one to a
1D-periodic !i.e., an isolated chain". In the 0D-periodic case the
electrons belonging to different cells do not interact, while in the
1D-periodic a chain does not interact with another, but all the elec-
trons of the chain do interact with each other !see text for details".
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Ṽc(G) =
4⇡

G2
[1� cos(GR)]

<latexit sha1_base64="A5fPuv4Qc8JQ/41XWWjp+hPclgQ=">AAACGHicbVDLSsNAFJ34rPFVdelmsAjtwprUim6Eoou6rGIfkMQymU7aoZMHMxOhhHyGG3/FjQtF3Hbn3zhts9DWAxcO59zLvfe4EaNCGsa3trS8srq2ntvQN7e2d3bze/stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0naHNxO//US4oGHwIEcRcXzUD6hHMZJK6uZPbUlZjyStLk5hsV66grbHEU6qdkTTpP5YSS3zBIeiWL8vObqud/MFo2xMAReJmZECyNDo5sd2L8SxTwKJGRLCMo1IOgnikmJGUt2OBYkQHqI+sRQNkE+Ek0wfS+GxUnrQC7mqQMKp+nsiQb4QI99VnT6SAzHvTcT/PCuW3qWT0CCKJQnwbJEXMyhDOEkJ9ignWLKRIghzqm6FeIBUMFJlOQnBnH95kbQqZfOsfH5XLdSuszhy4BAcgSIwwQWogVvQAE2AwTN4Be/gQ3vR3rRP7WvWuqRlMwfgD7TxD7z2naY=</latexit>

Sphere	0D
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1D	system:	atomic	chain

C.	A.	Rozzi,	D.	Varsano,	A.	Marini,	A.	Rubio	and	E.K.U	Gross.	Physical	Review	B	73,	205119	(2006).	
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Some	GW	results:	semiconductor	band	gaps

GW	band	gaps:	huge	
improvement	wrt	the	LDA

Very	good	agreement	with	
the	experiment!!

But	for	a	wrong	reason!!!!
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Some	GW	results:	metal	band	structure

Breakdown	of	Plasmon	
Pole	approximation
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Energies	and	potential	by	GW
Green	Function	gives	access	to	Total	Energy	(Galitskii	and	Migdal	1958)
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Something	important	is	missing!!!
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Conclusive	remarks:	GW	many	virtues!!!

GW:		parameter-free	method	which	provides	in	most	of	the	case

	accurate	results	(QP	energies,	but	also	total	energies,	lifetimes)

GW:		Starting	point	for	absorption	spectroscopy	-	excitonic	effects:	
Bethe-Salpeter

G0W0	today	is	feasible	for	medium	size	systems:	algorithms	suitable	
for	HPC	computation	(also	hybrids	architectures,	GPU	cards).
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Even	if	you	converged	everything	in	a	pedantic	way:

Do	not	forget:

GW:		Many	approximations	enters	in	a	practical	calculations:

in	it’s	widespread	G0W0	flavor	it	is	not	self-consistent:	strong	dependence	on	the	
DFT	starting	point	(specially	true	for	molecules.	Start	from	hybrid	DFT?)

	Even	in	partial	self	consistent	flavour	usually	QP	wave	function	assumed	to	be	
the	same	as	the	initial	KS	wave	function

	Screening	treated	at	RPA	level	

Frequency	dependence	of	the	screening	usually	approximated	with	a	PP	model
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GW:		it	is	an	approximation	for	the	self	energy:	Vertex	effects	missing

Even	if	you	converged	everything	in	a	pedantic	way:

Do	not	forget:

GW:		Many	approximations	enters	in	a	practical	calculations:

in	it’s	widespread	G0W0	flavor	it	is	not	self-consistent:	strong	dependence	on	the	
DFT	starting	point	(specially	true	for	molecules.	Start	from	hybrid	DFT?)

	Even	in	partial	self	consistent	flavour	usually	QP	wave	function	assumed	to	be	
the	same	as	the	initial	KS	wave	function

	Screening	treated	at	RPA	level	

Frequency	dependence	of	the	screening	usually	approximated	with	a	PP	model

GW	successful	in	the	interpretation	of	spectroscopical	properties	of	
many	systems	but	calculations	need	careful	checks	and	relies	on	

different	approximations	that	can	fail.	
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