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Charged and neutral excitations
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Charged excitations: photoemission and inverse photoemission

Neutral excitations: absorption
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Direct photoemission
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E(N)+hv = E(N—1)+[®w+Ex)
E(N)—E(N—1) = [¢w+Ek,'n]—hl/

...plus momentum N — N-1
conservation = ARPES

occupied states

Measure the density of occupied states
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Inverse photoemission

.E.%) — > 4
electron in - photon out
N+1
E(N +1)—E(N)=Ey + hv empty states

Measure the density of unoccupied states
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Absorption

Beer-Lambert law: / = e ¥

axImey =€ = extended system
ocxImey =€ = finite system

Electron and hole are not decoupled, electrons feel the
presence of the hole
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Electronic structure calculations

Kohn-Sham Eq uations 1965 Fully interacting
system

3 Q
hks(n||v; >= €;|; > '\3 "’9\0

) 1 J
hKS[n] — = sz 1 Vezt (I‘) 1+ UHartree (I‘) O\O/_ }O

* O
n(r) = Z O — €;)¢; (r)Y;(r) O O Non-
J o o interacting
Egs = Z O —e€;)e; — Uln] — /drn(r)vxc[n] (r) + Ezc[n] N ~ | Kohn-Sham
: ~ - particles

Moderate computational cost

Predict ground state geometries and electronic structures
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Band Gap
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experimental gap (eV)

Adapted from M. van Schilfgaarde et al. PRL 96 (2006)

Huge discrepancy not due to the LDA
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Band Gap: definition

A
P

E, i »L E, Direct photoemission

€; = Brip — hw

e =Ey —EY !

hv Total energy difference between the N-particle

hv, - v . .
R SRR N 255 ground state and the (N-1) particle state that remains
. - after the emission

Je2
g

Inverse photoemission

¢, = ENTL _ BN

Picture from |. Osma Peso PhD Thesis ‘

The ejection (removal) of an electron is always a many-body process

Egop = (En+1 — En) — (En — En—1)

electron affinity ionization potential
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Quasiparticle

Egop = (En+1 — En) — (En — En—1)
electron affinity ionization potential
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e=———=""> Polarization, screening
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Quasiparticle
Egop = (Eny1— En) — (En — En—1)

electron affinity ionization potential
v Electron injection
A Vo Repulsive Coulomb interaction creates a repulsive Coulomb hole
.\\ . . around the the additional electrons
%
\‘ - - -
® ¢ ¢ 09 O &0 Direct photemission
an electron leaves the system: also the Coulomb hole disappear

® 0 0 D &%

——"==Polarization, screening Relaxation - Screening - Correlation
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Quasiparticle
Egop = (Eny1— En) — (En — En—1)

electron affinity ionization potential
v Electron injection
A Vo Repulsive Coulomb interaction creates a repulsive Coulomb hole
.\\ . . around the the additional electrons
%
\‘ - - -
® ¢ ¢ 09 O &0 Direct photemission
an electron leaves the system: also the Coulomb hole disappear

® 0 0 D &%

——"==Polarization, screening Relaxation - Screening - Correlation

Relative to the ground- state N-electron system, the addition (removal) of an electron in
indirect (direct) photoemission hence creates (annihilates) an ensemble consisting of the bare

electron and its oppositely charges Coulomb hole.

. P
¥ T & o = &t &
&t A <. . i
electron screening quasiparticle
S cloud |
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Band Gap:

Can we calculate the QP gap directly using total energies from DFT-LDA?
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Band Gap:

Can we calculate the QP gap directly using total energies from DFT-LDA?

N+1 N —1

o = [y — A Jr 3 A+ 3 A

ff[]ur{A/)[] Eiiar A/) —+— / V] o | A/)”( ) — A/)['(l‘:))(ll‘

Kohn-Sham is NOT

+E--)'\-*]+L»')‘ — 2Fxc o™
the QP gap el X( { ' xCl/f }

/\\”‘ r)dr — /\\_] M (/1+’/\((1/) (r)dr

From: CE Patrick, Oxford 2011
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Band Gap:

Can we calculate the QP gap directly using total energies from DFT-LDA?

N+1 N —1

Eo =[N, — A 3 Ad+ Y A

Eiar[Ap"] = Ena[Ap"] + / Vit () (Ap" () — Ap"(r))dr

KOhn'Sham is NOT _{_L*\('[ ).\'——l‘ + L’\([ )A\'_l] o sz\(‘[ ).\.}

the QP gap
N+ V+1 N — N —1] N (0
/\ ) pN (r)dr — /\ re)pN T H(x (/1+’/\\((1 (r)dr
From: CE Patrick, Oxford 2011
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Experimental IP (eV)

C. E. Patrick and F. Giustino, PRL 109, 116801 (2012)]
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Band Gap:

Can we calculate the QP gap directly using total energies from DFT-LDA?

N+1 N—1

~ N N L H
Ec=lexy —ext D Ag + ) Ag
] 2

Eiar[Ap"] = Ena[Ap"] + / Vit () (Ap" () — Ap"(r))dr

Kohn-Sham is NOT +Exc|pV ] + L’d\'(‘[/;‘\'—'] —2Exo[pV]

the QP gap
N+1 V41 N—1 N —1 N (0
/\ (r)p" (r)dr — /\ (r)p" M (r)dr + ’/\ ((1 (r)dr
From: CE Patrick, Oxford 2011
9.0 ‘ -
PR, What about periodic solids ?
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e 3a0 % s
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6¢c 65 70 75 80 85 S0 unit cell unit cell unit cell unit cell

Experimental IP (@V)

C. E. Patrick and F. Giustino, PRL 109, 116801 (2012)] Infinitesimal extra charge per cell
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Green function

AN
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Additional charge - — Polarization, screening

Theoretical deseription involving the ejection or injection of electrons
requires a framework that links the N-particle with the (N = 1)-particle system

Many Body Perturbation Theory

[ 47
G(rtg r t ) Contains the excitation energy €;

excitation lifetime

ground state density
expectation value one-particle operator. Total Enerev etc.
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Green Function as a
central variable




Green function

Definition and meaning of G
G° (rltla I'2t2)

probability amplitude for the propagation of an additional electron from (r2,tz) to
(r1,t1) in a many body electron system with interacting H

7 / et ()T ()b(e) + / drdr' ! (£) (1 )V (r, ) ) ()

G°(rit;,raty) =
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Green function

Definition and meaning of G
G° (rltla I'2t2)

probability amplitude for the propagation of an additional electron from (r2,tz) to
(r1,t1) in a many body electron system with interacting H

7 / et ()T ()b(e) + / drdr' ! (£) (1 )V (r, ) ) ()

G®(rity,raty) = U (t2))
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Green function

Definition and meaning of G
G° (rltla I'2t2)
probability amplitude for the propagation of an additional electron from (r2,tz) to

(r1,t1) in a many body electron system with interacting H

1

A

H= f drd! ()T (e (x) + / drde'§! () () (6, )P (E)P) o, )

G¢(rit;,raty) = 2/A’T(rz)"I'(j)v(t2)>
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Green function

Definition and meaning of G
G° (rltla I'2t2)
probability amplitude for the propagation of an additional electron from (r2,tz) to

(r1,t1) in a many body electron system with interacting H

i = [ @b 0F@iE) + 5 [drdr P @FEVEIEE g0

G(rit1,raty) = Ul(ti, tz)‘/;T(I'Z) U (t2))

U(ty, tz) = e Hti=t2)  t; >ty
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Green function

Definition and meaning of G
G° (rltla I'2t2)

probability amplitude for the propagation of an additional electron from (r2,tz) to
(r1,t1) in a many body electron system with interacting H

i = [ @b 0F@iE) + 5 [drdr P @FEVEIEE g0

G°(ryt1,rats) =—%(‘I’é\r(t1)| p(re) Uty to) 9! (r2) [ (2))

U(ty, tz) = e Hti=t2)  t; >ty
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Green function

Definition and meaning of G
G° (rltla r2t2)

probability amplitude for the propagation of an additional electron from (r2,tz) to
(r1,t1) in a many body electron system with interacting H

A= / e () ()i(e) + / drdr' YT (O (W (e FWEE) (1)

G®(rity,raty) =—%(\Pé\r(t1)| D(r1) U(tl,tz)l/;T(rz)l‘I’év(tz))

A

U(ty, tz) = e Hti=t2)  t; >ty

(4

G(r1t1, raty) = —— (U |h(re, t1)T (r2, t2) | )0(t1 — t2)

h

Efficient materials modelling on HPC with 5 M4X
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Green function

Similarly for an hole propagation
G"(raty,rity) = _%Cyé\’rh&]t(réat2)¢(r1at1)|wé\{>9(t2 —t1)

We define G as: Time-ordered Green Function

7 A ~ ;
G(rity,rats) = G(rity,rats) — G"(rata, rity) =(— ﬁ(‘IJ(I)V‘T[’l/)(’I‘l, t1)1T (1, t0)] W)
t1 > 1o 1 < to
(O | (r1, 1) (ra, £2) EE) —(U 1O (ra, t2) ¥ (r1, 1) L7
(. t5) (r2;45) |
O O
O O
(r,t) (r.t)
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Green function: Excitation spectrum

G(raty,rats) = — 1 (U [T (rata ) (2t2)] [ 24)

G(rity,raty) = —i(¥g :%@(Pl)eﬂi‘p[ —i(H — E(N))(t1 — t2)WT(I‘2) CIGEE?)

+i(W ([0 (r2)eap| — i(H — B(N))(tr — t2)|d(r) 930 (ts — 1)

. N1 N=x1
Insert a complete set of N+1 and N-1| particle states. g |\Ifj + ><\I!j + =1
J

G(I‘ltl, I‘ztg) — Z fj (rl)f; (rz)e—iej(h—tz) |:0(t1 — t2)‘9(€j — ILL) — (9(t2 — tl)H(,u — Gj}
J

(U0 [ (r)[EVH) €5 > p E(N+1,5)— E(N) €5 > [4

fi(r1) = A T B BN -1y € <
WYY e < g

oM s A e Efficient materials modelling on HPC with 2
Ya m b 0 @ QUANTUM ESPRESSO, Yambo and BigDFT ——=ENCQS




Green function

G(I‘ltl, r2t2 L _ZZ f] rl —ZEj(tl—t2) |:9(t1 — tQ)H(GJ — I[L) — H(tQ - tl)e(,u — €]j|

Fourier Transforming in frequency domain:

G(ri,rz,w) = Z fi(r1) f; (r2)

w6t insgn(e; — 1)

E(N +1,5) - E(N) W b))+t & K

€j = | fi(r1) =
S e (N ) ) € <

Green Function has poles at the true many-particle
excitation energies

Efficient materials modelling on HPC with 5 M4X
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Self Energy

How to obtain G??
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Self Energy

How to obtain G??

Perturbation theory starts from what is known to evaluate what is not known ...hoping that the
difference is small

(e.g. non interacting

Let’s say we know Gp(w) that corresponds to the Hamiltonian Hy
electrons)

H = Hy + H,, where the interaction is put in H;
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Self Energy

How to obtain G??

Perturbation theory starts from what is known to evaluate what is not known ...hoping that the
difference is small

(e.g. non interacting

Let’s say we know Gp(w) that corresponds to the Hamiltonian Hy
electrons)

H = Hy + H,, where the interaction is put in H;

Everything that is unknown is put in

Y(w) =Gy (w) = G (w)

This is the definition of the Self Energy
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Quasiparticle Equation

w — HolG(w) +i/2(w)G(w) =1

Let’s suppose we know the Self Energy

and consider Gothe Green function of a mean field system defined by

V? e? n(r') .,
Hy = —— + Veat + / ) d’r single-particle Hamiltonian

2m dmep J |r—1/|
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Quasiparticle Equation

w — HolG(w) —I—i/Z(w)G(w) =1

Let’s suppose we know the Self Energy

and consider Gothe Green function of a mean field system defined by

V2
Hy = —— + Vezt +

om 4760 ‘r — r,‘ single-particle Hamiltonian

Introducing the Lehmann representation for G

{ Ho(r) fo(r) + /E(r,r’;es)fs(r’)d3r'= €sfs(r) }

QP equation: looks similar to KS equation but:
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Quasiparticle Equation

w — HolG(w) —I—i/Z(w)G(w) =1

Let’s suppose we know the Self Energy

and consider Gothe Green function of a mean field system defined by

\V&
II() = —— + Ve.rt +

om 4760 ‘r — r/, single-particle Hamiltonian

Introducing the Lehmann representation for G

{ Ho(r) fo(r) + /E(r,r’;es)fs(r’)d3r'= €sfs(r) }

QP equation: looks similar to KS equation but:

Y contains many body effects (as Vze )

Y. is not Hermitian, non-local, frequency dependent

Efficient materials modelling on HPC with = ~ MAX
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Quasiparticle Equation

w — HolG(w) —I—i/Z(w)G(w) =1

Let’s suppose we know the Self Energy

and consider Gothe Green function of a mean field system defined by

V?
II - V(JI -
"7 Tom i Vet o 4’1‘6() \r — r’\

single-particle Hamiltonian

Introducing the Lehmann representation for G

{ Ho(r) fo(r) + /E(r,r’;es)fs(r’)d3r'= €sfs(r) }

QP equation: looks similar to KS equation but:

Y contains many body effects (as Vze )

Y. is not Hermitian, non-local, frequency dependent

Ve part of the potential of a fictitious system

> potential felt by an added (removed) electron to (from) the system
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Quasiparticle Equation

w — HolG(w) —I—i/Z(w)G(w) =1

Let’s suppose we know the Self Energy

and consider Gothe Green function of a mean field system defined by

V?
II _— V()I
"7 Tom T Vet o 4’1‘6() \r — r’!

single-particle Hamiltonian

Introducing the Lehmann representation for G

{ Ho(r) fo(r) + /E(r,r’;es)fs(r’)d3r'= €sfs(r) }

QP equation: looks similar to KS equation but:

Y contains many body effects (as Vze ) fs not orthonormal

Y. is not Hermitian, non-local, frequency dependent €s are complex

Ve part of the potential of a fictitious system

> potential felt by an added (removed) electron to (from) the system

Efficient materials modelling on HPC with = ~
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GW Self Energy

QP equation describes the excitations of the Many-Body system

[ Ho(r) fo(r) + / (1€ fo(r)d%r = €, fs(r) }

We have to know how is made the operator >
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GW Self Energy

QP equation describes the excitations of the Many-Body system

[ Ho(r) fo(r) + / (1€ fo(r)d%r = €, fs(r) }

We have to know how is made the operator >

As a perturbation we do not consider the interaction V, but the screened Coulomb W that
has reduced strength

ot O—o0 Fully interacting electrons
= - 7 W o N N
+ | ( ®) 'u' O f Q
+ © qd />
Fol AN Q 5 Weakly interacting
t o uasiparticle
e o 7
W = screened potential: Y O
weaker than bare Coulomb interaction /O
O O
. Lip o )
W(r,r' w) = / dir’ ——— ® ®
: r~ — 1
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Hedin's Equations

Set of integro-differential equation, whose self-consistent solution solves
the many-electron problem

P(12) = —i / d(34)G(13)G(417)' (34, 2)
W(2) = V(2)+ / d(34)W (13)P(34)V (4, 2)
$(12) = i / d(34)G(14)W (1+3)I'(42, 3)
G(12) = G°(12)+ / d(34)G(13)2(34)G(42)

- 9% (12)
ra12,3) = 6(12)6(13)+ / A(4567) 5 1) CUOGTIIT (67,3

L. Hedin, Phys Rev. 139, A 769 (1965)
YaMbo <& QUANTUM ESPRESS0, Yamh and BigDET AENCCS




How to obtain the Self energy: Iteration of Hedin’s Equations and GW

They cannot be solved numerically as they contain functional derivatives,
but they can be iterated to derive useful approximations

X = iGWT S Az,

G Go -B go G W) @

' = 1+ ~~GGT 4
oG ; 5

P = —iGGT

W = v+vPW )= (D)
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How to obtain the Self energy: Iteration of Hedin’s Equations and GW

They cannot be solved numerically as they contain functional derivatives,
but they can be iterated to derive useful approximations

iGWT aAZs,

14 %Gfr ~

—1GGT
v+ vPW

SN H QM
|

We start with G = G, 2 =0
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How to obtain the Self energy: Iteration of Hedin’s Equations and GW

They cannot be solved numerically as they contain functional derivatives,
but they can be iterated to derive useful approximations

> = iGWT r 2.,
G = Go+GoxG S
E = 4

P = —iGGI

W = v+ovPW

We start with G = G, 2 =0
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How to obtain the Self energy: Iteration of Hedin’s Equations and GW

They cannot be solved numerically as they contain functional derivatives,
but they can be iterated to derive useful approximations

Y = iGW /z
& Go + Go2G W \G |
P = -GG

W = v+oPW

We start with G = G, 2 =0
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[teration of Hedin's Equations and GW

They cannot be solved numerically as they contain functional derivatives,
but they can be iterated to derive useful approximations

Y = iGW /Z

G — G(‘) + G()ZG :ij:/ \ G '

[ = 1 .
W = v+ oPW NPy
Remark: -

The vertex " has been neglected <@ This is an approximation!
The equations can be solved self-consistently This is another

(Common approximation: G = Go )4_ approximation!!
oM a8 Efficient materials modelling on HPC with =
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GW approximation in practice

Goal: [ Hy (r)fs(r) + /E(r,r’;es)fs(r')d3r'=Esfs(r) } I ZGW
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GW approximation in practice

G()al [ Hg r)fb(r)—l— /Z(r,r’;es)fs(r’)d3r': Esfs(r) } Z p— ZGW

(G = Gg  Green function of the non-interacting system
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GW approximation in practice

G()al [ Hg r)fb(r)—l— /Z(r,r’;es)fs(r’)d3r': Esfs(r) } Z p— ZGW

(G = Gg  Green function of the non-interacting system

W (r1,r2;7) = ihGo(r1, r2; T)W(r1,T2; T + 1)

In Fourier space

R .
EGW(rl,rz; w) e / Go(rl, ro;w + w )W(rl, rz;w')e"“’ "dw’

TN TP Efficient materials modelling on HPC with
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GW approximation in practice

G()al [ Hg r)fb(r)—l— /Z(r,r’;es)fs(r’)d3r': Esfs(r) } 2 p— ZGW

(G = Gg  Green function of the non-interacting system

EGW(rl,rz;’r) = 1hGo(r1,r2;7)W(ry,r2; 7+ n)

In Fourier space
h -
ZGW(rl,rz;w) ke / Go(rl,rz,w—l—w )W(rl,rz;w’)e“" Mdw'

X

Polarization and Screening

W =v+vPW

P(rla I'a, T) — _?’h’GO (I']_, I'a, T)GO(r27 'y, _T)
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GW approximation in practice

G()al [ Hg r)fb(r)—l— /Z(r,r’;es)fs(r’)d3r': Esfs(r) } Z p— ZGW

P(rlarZ;T) = _ihGO(rlar%T)Go(I‘z,rl; _T) { j

Starting point: solve an independent-particle calculation: e.g. LDA

Ho(r)¢; (r) + Vae(r) g5 (r) = €5 (r)

By FT and using Lehmann representation

occ. unocc.
1 1

P(ryraiw) = ) D 006 ()" ()6)(x) x (

ﬁw+e?—e?+in_hw—e?+e?—in)

Polarization made of noninteracting electrons and holes
I
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GW approximation in practice

GOal: [ ffg(r)fs(l‘)—|—'/Z(l‘,r’;€3)fs(r’)d3l"=Esfs(l‘) } 2 p— ZGW

Screened potential

Wiry,raw) = /e"l(rl,r’;w)v(r’,rz)dr’ = v(ry,r2) + /n-,,;.,bd(rl,r';w)v(r’,rz)dr'

) - ___nind(r,r")
Classical (Hartree) interaction _______}'_(.\i".:‘_-‘—-:-- [+ +
between additional chargeand ~— I'—=—— i ';(”) —@r ) o
polarization charge or t T /"Quasiparticle
Nind(T1, T2 W) = /Po(rl,r’;w)V“’t (r’,ry)dr’
e(ri,r2;w) =90(r1 —rz) — /’U(I‘] — 1 )P(r', ro;w)dr’
/.‘\J“J‘.W‘.‘\.‘o
IS -
AMAAA | , AN 17
mf — U /UP Wr Mt ( )‘ + ,.(/vmv..&/
wrnar [}
\
Using P(]_, 2) = Po(l, 2) — Go(l, Q)GU (2, 1) AN

Random Phase Approximation (RPA)
TN e, Efficient materials modelling on HPC with =
Ya Mbo O QUANTUM ESPRESSO, Yambo and BigDFT AENCCS




Evaluation of the Self-Energy

LW = GeW =GV + G (W - V) =27 + 57
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Evaluation of the Self-Energy

SV = GrPW =GPV + G W - V) =7 + 577

can be integrated analytically

(7125 [5°7) = —

47re r —r/|

drdr’ exchange term

02 occ. ¢f{5* (r)qbfs(r)gbfs* (r,)gszg(r,) Hartree-Fock
>/
J

i - . Efficient materials modelling on HPC with
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Evaluation of the Self-Energy

LW = GeW =GV + G (W - V) =27 + 57

can be integrated analytically

02 occ. ¢f{5* (r)qbfs(r)gbfs* (r,)gszg(r,) Hartree-Fock
>/
J

drdr’ exchange term
r —r/|

KS|vGW | L KS
KS|9G KOy —
<¢Z | T | ¢‘Z. > 47[_60

ih [ .
W (ry,ro;w) = %/ GE®(ry,ro;w+ W) [W(ry,ra;w’') —v(ry, ra)e™ 7dw’

have to be computed numerically; most time consuming part

[ - ~ A . Efficient materials modelling on HPC with 5
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GW approximation in practice

Different implementations:

Reciprocal Space & Frequency Domain:
M. Hybertsen and S. Louie PRB 34, 5390 (1986)

Real Space and Real Time:
H.N. Rojas, R. W. Godby and R. J. Needs PRL 74, 1827 (1995)

Use of localized basis set:
H. Huebener, M. A. Perez-Osorio, P. Ordejon, and F. Giustino Eur. Phys.]. B 85,321 (2012).
M. Rohlfing, P. Kruger, and J. Pollmann, Phys.Rev. B 52, 1905 (1995).

X. Blase, C. Attaccalite, and V. Olevano PRB 83, 115103 (2011)
F. Bruneval, T. Rangel, S.M. Hamed, M. Shao, C. Yang, and J.B. Neaton, Comput. Phys. Commun. 208, 149

(2016)

Use of Wannier Function:
P. Umari, G. Stenuit and S. Baroni PRB 79, 201104(R) (2009)

Benchmarking codes: Reproducibility in GoW( Calculations for Solids T. Rangel, M. Del Ben, D. Varsano et
al. Computer Physics Communications 255 107242, (2020)
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GW approximation in practice

Different implementations:

eciprocal Space & Frequency Domain:
Wd S. Louie PRB 34, 5390 (1986)

Real Space and Real Time:
H.N. Rojas, R. W. Godby and R. J. Needs PRL 74, 1827 (1995)

Use of localized basis set:

H. Huebener, M. A. Perez-Osorio, P. Ordejon, and F. Giustino Eur. Phys.]. B 85,321 (2012).

M. Rohlfing, P. Kruger, and J. Pollmann, Phys.Rev. B 52, 1905 (1995).

X. Blase, C. Attaccalite, and V. Olevano PRB 83, 115103 (2011)

F. Bruneval, T. Rangel, S.M. Hamed, M. Shao, C. Yang, and J.B. Neaton, Comput. Phys. Commun. 208, 149

(2016)

Use of Wannier Function:
P. Umari, G. Stenuit and S. Baroni PRB 79, 201104(R) (2009)

Benchmarking codes: Reproducibility in GQW( Calculations for Solids T. Rangel, M. Del Ben, D. Varsano et
al. Computer Physics Communications 255 107242, (2020)
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GW approximation in practice

Plane waves representation:

d3 .
(nk|X;(r1,r2)n'k’) = — Z/B (27:)13 Zv(q—}— G)pn,n, (9, G)ppn, (4, G)fa, ik,

prn1(d+ G) = (nkle 3T T|nlk,)

1 d3q
. "n/\ — * /
(nk|X.(r1,ro;w)n’k’) = 5 E /Bz 273 { GEG, v(qQ+ G)pnn, (9, G)prm, (4, G') X

dw’ 1 / f'n,l(k—q) 1 — fnl(k—q)
X/2W€GG'(q’w)[ —w' —elPA —i5+w—w’—ef;f3(1f_q)+i5]}

What makes GW calculations even at GOWO level rather “laborious”:
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GW approximation in practice

Plane waves representation:

T ———

d3q ,
Z v(q + G)pn,nl (qy G)pn’nl (qa G)fn1k1

nk(Ea(rar2) k) = =2 [ (2mg)2

4

e T —

Pnnl(q + G) = <nk|ei(q+G).r|n1kl>

. E AN 1 d3q * /
(k| (r1, r2;w)In'K) = 3 w{ GE(; v(q+ G)pnn, (9, G)ppm, (@, G') X

dw’ 1 / fnl(k—q) 1 — fnl(k—q) :| }
X | —ene(q, . :
e G iy v

What makes GW calculations even at GOWO level rather “laborious”:

Careful is needed:

Integration over the Brillouin zone
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GW approximation in practice

Plane waves representation:

<nk|2.z, (I‘l, r2)|n’k’> — Z V(q + G)pn,nl (q& G)p;’nl (qa G)fnlkl

prn1(q+ G) = <nk|ei(q+G).r|n1kl>

(nk|E(r1, r2;w)In'k’) = > v(a+G)pan: (4, G)ppm, (@, G')

GG/
dw’ 1 / fnl(k—q) 1 — fnl(k—q) :| }
x — / b) . .
/ or GG S )[w — w’ —eﬁf(f:‘_q) — 10 T w—w — eﬁﬁﬁ_q) + 20

What makes GW calculations even at GOWO level rather “laborious”:

Careful is needed:

Integration over the Brillouin zone

Sum over unoccupied states
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GW approximation in practice

Plane waves representation:

Z v(q + G)pn,nl (qy G)p;’nl (q3 G)fnlkl

prn1(q+ G) = <nk|ei(q+G).r|n1kl>

{3 v(a+G)pan (@ G)pin, (@, G)
GG’

fnl(k—q) 4 1 - fnl(k—q)
F— eﬁf(f:‘_q) —10 w—w — eﬁﬁ{f_ + 20

What makes GW calculations even at GOWO level rather “laborious”:

Careful is needed:

Integration over the Brillouin zone

Sum over unoccupied states
Integration 1n energy domain

[ - ~ o . Efficient materials modelling on HPC with 5
Ya m b 0 @ QUANTUM ESPRESSO, Yambo and BigDFT —-':ENCC.S




Exchange Self Energy

(7) Exchange self energy: yambo -x
T = [(nk|®® k) = 19 G)lpum (k, q, G)J?
~nk T <n_|, (r17r2)|n > - )3 U<q—|— )‘an( » 4 )| fm(k—q)
—1/Bz (2m) G
. DFT k-grid
occupied (q} = {k-k’}
bands only
4 )
G-vectors in the exchange
EXXRLvcs= 2487001 RL [— Number of RL vectors, or energy in Ry / mHa / efc
Tip: set to less than FFTGvecs
- /
¥QPkrange

1| 5] 20| 59|
4| 8| 60| 80|

o®

%QPerange (-V gp)
1] 32| 0.0|-1.0]

%

nk, n’k’ ranges where GW/Z_ elements are calculated

first k-point | last k-point | lower band | upper band

This can be split over several lines for multiple groups

Tip: careful use of fewer k-points and bands reduces the calculation
time; yambo will interpolate the rest

nk,nk’ ranges (alternative method)

first k-point | last k-point | lower energy | upper energy

YaMbo &
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Correlation Self Energy

(8) Correlation part of self energy: yambo -g n

)

. dq 47 ,
) ks = 43 (K, G, G)
‘ 2 o3 r |22 fa+ G

X | dw'G_q(w — w)egg(q,w)

% GbndRnge
1] 50 |

% Bands u§ed in the GW summation NGsBlkXp= 100 RL
QP energies usually shows slow Response block size
convergence

Tip: If you are interested in gaps, energy

$QPkrange _
0 J differences converge faster

1] 5| 20| 59|
4| 8| 60| 80|

o®

nk, n’k’ ranges where GW/Z_ elements are calculated

sQPerange (-V gp) first k-point | last k-point | lower band | upper band
11321 °0.01-1.0] This can be split over several lines for multiple groups
% Tip: careful use of fewer k-points and bands reduces the

calculation time; yambo will interpolate the rest
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GW approximation in practice: Plasmon-Pole approximation

1 d3q .
(nk|Ze(r1, r2;w)n'k’) = Z ) { Y v(a+ G)pan: (@, G)pivn, (@, G')X

3
2 n, Bz (27T) elel
fnl(k—q) n 1— f-nl(k—q) ] }
LDA . LDA ;
—w — €ni(kq) 10 w—w — €nilk—q) + 20
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GW approximation in practice: Plasmon-Pole approximation

1 d3q .
(nklzc(rls ra; w)lnlk,> — 2 E , . (27!')3 { E : V(q + G)pn:nl (q G)pn’nl (Q- G,)X
Iy Z GG’

fnl(k—q) n 1— fnl(k—q) ] }
—w - ef;ff{j_q) —id w—w — ef;ff{j_q) + 0
—%{6_1} Electron Energy Loss spectrum

All components exhibit a peak, otherwise the amplitude is small

Model Dielectric function: Plasmon-Pole approximation
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GW approximation in practice: Plasmon-Pole approximation

1 d3q .
(nk|Ze(r1, r2;w)n'k’) = Z ) { Y v(q+ G)pan, (9, G)pin, (@, G')X
GG’

2 n Bz (27!')3
fnl(k—q) n 1— fnl(k—q) ] }
—w - ef;ff{j_q) —i0 w—w —elPA 446

nl(k—q)
—%{6_1} Electron Energy Loss spectrum
All components exhibit a peak, otherwise the amplitude is small

Model Dielectric function: Plasmon-Pole approximation

Qee(q)
w— waae (q)

The energy integral is now analytic
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GW approximation in practice: Plasmon-Pole approximation

1 d*q )
(nk|Ze(r1, r2;w)n'k’) = Z ) { Y v(a+ G)pnn, (a0, G)pirm, (@, G')X

3
2 n, v Bz (2’”) GG’
fnl(k—q) n 1— fnl(k—q) ] }
LDA , LDA ;
—w — enl(i’(_q) — 10 w—w — €nilk—q) + 20

—%{6_1} Electron Energy Loss spectrum

All components exhibit a peak, otherwise the amplitude is small

Model Dielectric function: Plasmon-Pole approximation

Qee(q)
w— waa (q)

The energy integral is now analytic

M. Hybertsen and S. Louie PRB 34, 5390 1986
R.W. Godby and R. J. Needs, PRL. 62, 11649 (1989).

Different recipes to evaluate poles and residues
G. E. Engel and B. Farid, PRB 47, 15931 (1993).
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GW approximation in practice: Plasmon-Pole approximation

™

T Si GN HL vdLH EF Numerical Expt.
<0 e Si 120 125 123 126 121 124
<, 2 C 610 625 625 629 615 6.1

— Godby Noeds PPM
— Hybertsen-Louvie PPM
— Actual

Ge 0.68 0.72 0.70 0.71 0.69 0.85
Ne 19.65 20.99 20.51 19.99 19.41 21.50
AIN 5,55 573 571 5.4 5.59 6.29
GaN 351 3.61 3.62 3.66 3.54 3.44
GaAs 1.13 1.15 1.14 1.16 1.13 1.59
MgO 7.13 7.61 746 7.39 7.13 7.85
@-I% 227 280 230 237 2.17 3.53

h —

-

A A L A A A
A 4 o0 )] 100
w (eV)
Text

PPA become questionable when Ec_;%;’
differs from single-pole

@ (eV)

Real part alOng real axis Ex: interfaces, d electrons in copper: A. Marini,

P. Larson, M. Dvorak, and Z. Wu Phys Rev. B 88, G. Onida, R. Del Sole PRL 88, 01643 (2002)
125205 (2013)

Full integration is needed: alternative methods;

ZnO case M. Stankovki et al. Phys Rev. B 84, ©-5: . | |
Frequency dependence in GW made simple using a
241201 (2011) multi-pole approximation D. A. Leon, C. Cardoso, T.

Chiarotti, D. Varsano, E. Molinari, and A. Ferretti Phys.
Rev. B 104, 115157 (2021)
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The plasmon pole approximation

(9) Plasmon Pole approximation (PPA): yambo -p p

Components of the Dielectric matrix approximated has a single pole functions:

—Cl("(q~w) ~og.a' T Ra. ’[q)[(w — Qg 1’(q}+10+}_1 — [w‘ + QG. ;f[(l) — ZO+)_1J
-1

Residuals RG.G’(q) and energies 5"2(;.(;'(:(1:} are found by imposing the PPA to reproduce the exact €
function at w = 0 and w =7:EPP I with EPP I being a suitable user-defined parameter.

'1 s BndsRnXp

Rg a'lq) = ‘ ) Bands used (empty & filled)
Range from 1 to nbnd
Reduce range to lower memory.

\O

o o c(a<=Eppa)

—1 :
y(qw=0)—€",(qw=Eppa)

Uaa = Eppay| =

oo NGsBIkXp= 100 RL

Response block size

The QP energies should not depend too much on the choice
of imaginary plasmon frequency. Tip: Choose a value higher PPAPNtXp= 27.21138 eV
in energy than the plasmon peak (EELS spectrum) '

PPA imaginary energy
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GW approximation in practice
Goal:

Once we know 1GW _— @070

-

ﬁo(r)fs(r)+/ N(r, 1’5 €5) fs(r)d%r’ = €, fs(r) } > =1GW

U
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GW approximation in practice

-

Goal: : ﬁo(r)fs(r)+./Z(r,r’;€8).fs(r’)d3r’:Es,fS(r) } E p— ’I:GW

Once we know W — 00

f,éQP (r) ~ gbf{ o (r) This is another approximation, very frequently used
and not always valid!
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GW approximation in practice

-

Goal: \ flg(r)fs(r)+/ (e, 75 €0) fo(t)dPr = €, fu(r) J Y. = 1GW

Once we know 1GW _— @070

f,?P (r) ~ gbf{ o (r) This is another approximation, very frequently used

and not always valid!
(8a) Dyson Solver: yambo -g n/s

P P
B2 = enk + (Ynk|Z(E% ) — Ve|tnk)
DysSolver="n" First order expansion around KS eigenvalue
Eﬁ,?kp = €nk + Lnk <¢nk|2(€nk) — Vmc|¢nk>

7z — [1 @) ‘ ]_1 dScStep= 0.10000 eV # [GW] Energy step to evaluate Z
ik d(U W=€nk

DysSolver="s" Secant iterative method

https://en.wikipedia.org/wiki/Secant_method

Tp—-1 — Tp-2 Lpn-2 f(m-n.—l) — Tnp-1 f(mn.—2)
Lp = Tp-1 — f(x'n—l) =

f(mn—l) — f(mn—Z) f(m'n—l) - f(m-n.—2)
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Accelerating convergence wrt number of bands

Pnn, (@ + G) =<k —q, n]ei(quG)'r]k, ny >

Extrapolar correction:

/dw Z WGG’ q7 )_5GG”U(Q‘|‘G)]
Agp = 27TNkQ rere) w' — €x + €xp + 17

x[<kn|eC"k,n>— Y pon, (@+ Gl (a+ G
n1 <Ny

F. Bruneval and X. Gonze PRB 78, 085125 2008
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Accelerating convergence wrt number of bands

Pnn, (@ + G) =<k —q, n]ei(quG)'r]k, ny >

Extrapolar approximation: assume all the stats above Nb have the same “average”
high energy: €

Extrapolar correction:

/dw Z WGG’ q7 )_5GG”U(Q‘|‘G)]
Agp = 27TNkQ rere) w' — €x + €xp + 17

x[<kn|eC"k,n>— Y pon, (@+ Gl (a+ G
n1 <Ny

F. Bruneval and X. Gonze PRB 78, 085125 2008
IR Dy Efficient materials modelli HPC with - <
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Accelerating convergence wrt number of bands

e L L B B R
1.001 O-O VBM i g : oy
ok e-¢ veM G.eminaioron- 1.5 Ha| | CBM and VBM GW correction for bulk silicon
OV CBM no corrections i
< - CBM G-terminator on - 1.5 Ha| -
® 0.60F .
2 o0.40F C\ N
ke i ]
© 0.20r ]
O I :
& 0.00F- ]
S [ ]
% -0.202— —
-0.40_— N
-0.60|- o — o ]
c v v oy ey ey ey ey ey by
150 300 450 600 750 900 1050 1200 1350
# bands
o051 -t 1 1 : : :
: OOnocorrections | 1 VBM GW correction for TiO2 Nanowire
-0.541 correction: +2.5 Ha | | .
< — correction: +2.0 Ha | - (1 08 Occupled bandS)
@ -0.57 correction: +1.5 Ha| ]
0 _ v—v correction: +1.0 Ha
C -0.60 -
O i i
S 063l .
S 0.66- .
o D Gl e S ]
072 .
o7sh | L | .1 D.Sangalli et al. J. Phys.: Condens. Matter

2000 3000 4000 5000 6000 7000

31 (2019) 325902
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Non periodic 3D systems: nanostructures

Avoiding spurious replica interactions in non periodic directions

___________________________

olele
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Non periodic 3D systems: nanostructures

Avoiding spurious replica interactions in non periodic directions

Coulomb cutoff technique for supercell calculations

T ~ 1/7“ it reD
rr 0 if r ¢ D
—h Different geometries according to the dimensionality
=, T N
o @ ©
= = | =
O 1O 1 6C
—
© O |
(1+V2)L
o O]

oM A Efficient materials modelling on HPC with 5
Ya m b 0 @ QUANTUM ESPRESSO, Yambo and BigDFT —-jENCC.S



Non periodic 3D systems: nanostructures

Avoiding spurious replica interactions in non periodic directions

Coulomb cutoff technique for supercell calculations

T - 1/r itreD

&4 Ve(r) = B

000 0 if r ¢ D

JOC Different geometries according to the dimensionality
e o i
f V(G) = %[1 — cos(GR)] Sphere 0D
O 1 OO

e e . 4
% _________ Y V(q0) = L1+ GLRI(GLR)Ko(|G.|R

|(1+\/§)f _____ ) C<q7 ) |qz+G’2[ 1 1( 1 ) O(| Z| ) Cyhnder 1D

—|G:|RJo(GLR)K1(|G:|R)]

2 | & | N
< L& - Vila, G) = — 1 — et G 2005(G, 1/

; ; 06 =g 7ap! e cos(G-L/A1 - ws 2p

C. A. Rozzi, D. Varsano, A. Marini, A. Rubio and E.K.U Gross. Physical Review B 73, 205119 (2006).
S. Ismail-Beigi Physical Review B 73, 233103 (2006).
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Non periodic 3D systems: nanostructures

Interchain distance [a.u.] 1D system: atomic chain
18 25 32 38
6.5 | | I | m
- —e Bare Coulomb
6 _

—e Cutoffed Coulomb

- : -

hd
N
1

QP Gap (X point) [eV]
o

N
]
|

oY)
N

0 2000 4000 6000
supercell volume [a.u.]3

C. A. Rozzi, D. Varsano, A. Marini, A. Rubio and E.K.U Gross. Physical Review B 73, 205119 (2006).
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GW approximation in practice
Summary: GUTY

DFT-KS
VIEC
KS
€
PO
€ 1
e=1— P’
RPA

\ plasmon pole
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Some GW results: semiconductor band gaps

NS o
| |

calculated gap (eV)
)
I

InP,GaAs,CdTe,AlSb

(Y2 Se,Cu20

AlAs,GaP,SIiC,AIP,CdS

= ZnSe,CuBr

8

O g O %'-ﬂ_;%ZnO,GaN.ZnS

|

“O=— diamond

A

z
b
S0 9 7
O
m
m B A
e,
o ? -3
O
¢ -
O
H:LDA —
O:GW(LDA)

| 1 |

GW band gaps: huge

1 improvement wrt the LDA

M. van Schilfgaarde, Takao Kotani, and S. Faleev PRL 96, 226402 (2006)
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Some GW results: semiconductor band gaps
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GW band gaps: huge

1 improvement wrt the LDA

Very good agreement with
the experiment!!

M. van Schilfgaarde, Takao Kotani, and S. Faleev PRL 96, 226402 (2006)
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Some GW results: semiconductor band gaps
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Some GW results: metal band structure

Copper Bulk
| O  Exp.
— GW
— — LDA

| Breakdown of Plasmon
Pole approximation

Energy [eV]

exchange effect between 3d and 3s and 3p core orbitals are crucial

A. Marini et. al. Phys. Rev. Lett. 88 (2002)
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Energies and potential by GW

Green Function gives access to Total Energy (Galitskii and Migdal 1958)
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Capture VAW behaviour % behaviour at large distance

P. Garcia Gonzalez and R.W. Godby , Phys. Rev. Lett. 88 (2002); Phys. Rev. B, 63 (2001)
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Energies by GW

Energy (Ry)
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Kutepov et al. PRB 80, 041103 (2009)

Good energy ...comparable with GGA

...but one-electron spectra are worse
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Optical absorption?

Independent transitions: Silicon
Optical Absorption
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Optical absorption?

Independent transitions:

87 . .
() = o' O [(wlevle) Fo(E-E~w)
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Something important is missing!!!
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Conclusive remarks: GW many virtues!!!
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Conclusive remarks: GW many virtues!!!

GW: parameter-free method which provides in most of the case
accurate results (QP energies, but also total energies, lifetimes)
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Conclusive remarks: GW many virtues!!!

GW: parameter-free method which provides in most of the case
accurate results (QP energies, but also total energies, lifetimes)

GW: Starting point for absorption spectroscopy - excitonic effects:
Bethe-Salpeter
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Conclusive remarks: GW many virtues!!!

GW: parameter-free method which provides in most of the case
accurate results (QP energies, but also total energies, lifetimes)

GW: Starting point for absorption spectroscopy - excitonic effects:
Bethe-Salpeter

GYWO today is feasible for medium size systems: algorithms suitable
for HPC computation (also hybrids architectures, GPU cards).
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[f your results do not match the experiments:
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be

carefully checked:
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be

carefully checked:

Integration over Bz
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be
carefully checked:

[Integration over Bz k-points samplings
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be
carefully checked:

[Integration over Bz k-points samplings

sum over unoccupied states
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be
carefully checked:

[Integration over Bz k-points samplings

sum over unoccupied states

plane wave cutoffs
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be
carefully checked:

[Integration over Bz k-points samplings

sum over unoccupied states

plane wave cutoffs

Plasmon-pole
approximation validity
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be
carefully checked:

[Integration over Bz k-points samplings

sum over unoccupied states

convergence of the

screening
plane wave cutoffs

Plasmon-pole
approximation validity
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[f your results do not match the experiments:

Before asking to the forum what I'm doing wrong...

Check carefully your convergence parameter (the boring part...)

Even at GOWO level, several convergence parameter and approximations have to be
carefully checked:

[Integration over Bz k-points samplings

sum over unoccupied states

convergence of the

screening
plane wave cutoffs

Plasmon-pole |
approximation validity psuedopotentials
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Even if you converged everything in a pedantic way:

Do not forget:
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Even if you converged everything in a pedantic way:

Do not forget:

GW: itis an approximation for the self energy: Vertex effects missing
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Even if you converged everything in a pedantic way:

Do not forget:
GW: itis an approximation for the self energy: Vertex effects missing

GW: Many approximations enters in a practical calculations:
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Even if you converged everything in a pedantic way:

Do not forget:
GW: itis an approximation for the self energy: Vertex effects missing

GW: Many approximations enters in a practical calculations:

in it’s widespread GOWO flavor it is not self-consistent: strong dependence on the
DFT starting point (specially true for molecules. Start from hybrid DFT?)

Even in partial self consistent flavour usually QP wave function assumed to be
the same as the initial KS wave function

Screening treated at RPA level

Frequency dependence of the screening usually approximated with a PP model
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Even if you converged everything in a pedantic way:

Do not forget:
GW: itis an approximation for the self energy: Vertex effects missing

GW: Many approximations enters in a practical calculations:

in it’s widespread GOWO flavor it is not self-consistent: strong dependence on the
DFT starting point (specially true for molecules. Start from hybrid DFT?)

Even in partial self consistent flavour usually QP wave function assumed to be
the same as the initial KS wave function

Screening treated at RPA level

Frequency dependence of the screening usually approximated with a PP model

GW successful in the interpretation of spectroscopical properties of
many systems but calculations need careful checks and relies on
different approximations that can fail.
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