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The EMTO theory

Exact muffin-tin orbital theory

Andersen O. K., Jepsen O., Krier G.
1994

in: Lectures on Methods of Electronic Structure Calculations,
eds.: V. Kumar, O. K. Andersen, A. Mookerjee. Singapore,
World Scientific.

NMTO

Andersen O. K., Saha-Dasupta, T. Computational
Quantum Mechanics

for :
Phys. Rev. B 62, R16219 (2000)
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What is “exact” in the EMTO method?

PRB Referee report (2004):

“...The use of the term “exact” in connection with the EMTO label | find
inappropriate and unfortunate, although | recognize that by this time it is
written in stone. No significant aspect of any modern band structure
method is exact...”

The Schrodinger equation is solved “exactly” for the MT potential
* “exact” kinetic energy

* “exact” charge density




Density Functional Theory

Consider a system of N interacting
electrons. The total energy is:

Ec=T+E, + Eopp + Eppy

Total energy is a functional of the electron
density n(r)

P.C. Hohenberg W. Kohn
1964

E, = E|[n]

where [ n(r)dr=N
all trial densities should contain the same number of electrons



Minimizing the total energy functional

. We should plug in all possible n(r) in E[n]
. n(r) should be consistent with the number of
electrons
. search until we find the minimum of E[n]
min E|n]| = E,

n
=> Schrodinger equation is solved!

In practice this route based on variational principle is not
feasible because we do not know the exact form of E[n]

DFT-level approximations are needed!



We separate the known parts of E[n]

Eln] = Ty[n] + 1 [ via([nl; )n()dr + [ ve([nl; n()dr+Eyc[n]

known terms (large terms)

T;[n] kinetic energy of non-interacting electrons

I (( ) I
VH([n]af)—2f|r_r.|dr Hartree potential

27
v ()= ; -y external potential

and the rest (small terms)

E..[n] exchange-correlation energy



Interacting electrons in external
potential:

(original many-body problem)

@ V.([n];r)

Non-interacting electrons moving in an effective potential:
Note: the potential involves the functional derivative of the xc energy

OF . [n]
on(r)

v([n];1) = v (1) + vy ([n];r) +

V([n];r)



Kohn-Sham equations

We can solve the non-interacting system which by construction leads to the same
density as the real system

N In KS scheme, the
wave function

2
(V7 (Il 0= ,%,0) | R
4 one single electron

input = output n(r) = g;J ¥ (r) |
Effective potential:
v([nf;r) = v (r)+ vy ([n];1) + ——

Self consistent solution:

Compare with
Schrédinger eq.

OE . [n] A, = E, ¥,
on(r) Y (ry, 12, .., Ty)



Solving the Kohn-Sham single-eleciron equations

(—%+\cﬁ<r>jwp<r>=epw,,<r>

Two methods to get Kohn-Sham orbitals:

|. Solve Kohn-Sham equation directly on a real-space grid (grid methods).

2. Use some basis functions for representation of Kohn-Sham orbitals:

v, (r)= EC P @, are basis functions

The choice of the basis functions in principle does not matter for the final result,
however, if it is done in a clever way, it makes calculations efficient.

The great variety of first-principles methods is about this point: optimization of the basis.

Our computers are not powerful enough even to solve accurately Kohn-Sham equations
without using special numerical tricks.



Variational principle for the Kohn-Sham equation
S[(wlH |y )~ E((wly)-N)]/sy =0

w=Yco  (ylHlw)=Y ccH, where H, = [drg (r)Hp,x)
i i
In general (if the basis functions are not orthonormal):
<y/|1//> — zc:‘cjsij where S, = J'drgpj(r)gpj(r) it is called overlap matrix
ij

Here, c; are the coefficients to be found. 5[265@&,- —8250,-5,7}/50; =0
; .

i

ch (Hij —SSU) =0 This is a homogeneous set of linear equations for c and ¢
J

It has non-trivial (not 0) solutions only if the determinant vanishes:

This equation gives the one electron energies (c) det [H — SS] — O



The EMTO method,

Implementation
(1998-2001)



The EMTO formalism

The KS potential is approximated
by the overlapping optimized
muffin-tin potential

0(r) & varr) = v + > [vr(rr) — vl

vr (1) is spherical for rp; < Sz and
vr(rg) = vy for rg > Sp

v IS the constant potential
connecting the local potential wells

\V?{L (1)

Screened spherical wave (constant potential) ¢R
(TR

d
I
(DRI( R) Partial wave (solution of the
Local free electron solution (constant potential)  spherical Schrodinger eq.)




a

The screened spherical waves; S5/, /.,

Solutions for the constant potential (Bessel and Neumann functions):

Screening is realized with "hard” spheres Vre (aR') =0
of radius ap:

® (a, )<Y, (1
Ve (@g) L (1R) \V;L(aRn):O

Boundary conditions require a multi-center form:

Ca ) ‘-2 R . ) ’.2 oy 7oA AR .
Va5 rRr) = fr(k°.7R) YL(TR)ORR OLL/

/ 2 7 {f A 3 Q 4 2
+ E Gp (K rR) Yoo (PR ) Speprpp (K7).
L/



The screened spherical waves

Uh (k5 rR) = [k rR) YL(PR)ORR OLL
2 AN @ 2
+ Y a5 rr) Yo (Pr) Sgopepe (57).
L,l

f??l( Mlag = 1 and gg(6°,7)|ar = 0.

afa HE.?' Ha HE.?' 1

fRis“7) — 0 and IR (5% 7) _ b
or aR or aR AR

Linear combinations of the Bessel and Neumann functions:

fri(r?r) = th (62 )ng (62, r) + 1 (k) 0K, )

g (k2 r) = —t% (kg (k2 1) — th (k)5 (82, 7).

Screening matrix: {t}ﬂ(nzj 12 (K2) } % am;:éam _amcc_%am
) i i r) —g-mi(k%,aRr)



The local free electron solution

2
fo.E £, fR]' fm TR + .f-’faH.z(H TR) Diz[f}-

By construction, it joins the screened spherical wave at ap
There is a slope difference (first order derivative is discontinuous).



Partial wave; D%,

It is the solution of the radial Schrodinger equation for rp < Sy, potential vy (rp).
It joins continuously the local free electron solution at Sp.
This condition gives the slope of the local free electron solution at a; (D§%).



The kink cancellation condition

The Exact Muffin-Tin Orbitals:

dh(e.vr) = U (k5,tR) + Npyle) drile.rr) YL(7R)

— ¢rile,Tr) YL(R),

Z ""Rg ORile. J'R:' YL':J'R:' _ﬂéL

+ Z [fm (K%, rR) VR + afu(r’ . 7R) Z Strrn (K vkip | YL(iR)
RL
- Z G .-'f'H:' +§R£'[H s'f'H}DH.['{E]'] Yi(fr) vgr- (2.29)

L

It is solution for the full Schrodinger equation if the second and third terms vanish:

v 2 ¥ \ y —
> aw [S}’Q,L,RL(HJ-) — Or'ROLIL D?zz(éj)] Vrr; = 0,
RL

Overlap matrix : ) )
/L*»"R,L,(e.r) URrL (€, 1) dr

2

ﬁ) - aRDc]l{I(E) = I’\—?_’EII‘IRI‘(E).

— (lRS?{; L’ RL ( K




Slope matrix

K2 = € — 1.

1 1 4 1-1 a

S%pr = SpRdp + —|—8° — & Rl
3 t3 13, |rLRL 3
‘RI Rl RI RI

np(k’.rr) = =Y (k. rr) Shopo ()
I
(a)

(b)

64 -

m(s;o)

4.

Im(S"n)

Im(ew)

0 -0

Im(w)

0 -0



The effect of the hard (screening) sphere radius

4 T T T T T T T T 2
2 F 11
8 8
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Fig. 3.1. The ss element of the bee slope matrix for w = 0 plotted as a function of
the hard sphere radius ag and the radius of the coordination shell dgrg (shown by
numbers in units of lattice constant). Note that in panel (a), the scale for dr/p =
0.00a has been divided by 10.



Parametrization of the slope matrix

o | | | dS%(w)
Sw) = S (w:wp) = % (wg) + — (w)(w — wg) K2 = € — 1.
1! dw
Lsza(w)( C o) e Ldnsa(w) ( yr 5
2! dw? @ =@l F n! do" @= @ w E(Hw)

Slope matrix and first derivative (3 order single-center expansion)

(c)

o
w
J

of 5%
Q (=]
w ~
L

Relative error
(=]
n
s

> ~a
Relative error of S§,

c14




Parametrization of the slope matrix

| 1 dS*
S§w) = S, (w;09) = S (wp) + ~ &)

1! dw (@ = wo)

1 d*S%w) . 1 d"S%(w)
+ — 3 (w_w())-+"'+_

(@ —wy)". = e}
2! dw- n!' do" 0 o =(Kw)

Slope matrix and first derivative (6" order single-center expansion)

(a)

o (=] o
w o~ w
L L /
o o o
w i wm
L

(=]
)
r

0.2

- -
Relatve error of Sr.o
Relative error of Sm

(=]
-

0.1




Parametrization of the slope matrix

SUw) = 5, (@ 0,0) = Sj(w0) Suml @210y, @) = §%(@,),
1 ‘ )
+ ( | 'an+l(w‘—0)|)n+l + - dS::l.m(wswlawl) _ ds (w)
n+1)! o . do |
|
- I m Qa ——
+ (n +m)!an+m+l(w_wl)n+m+ . d"S, (w.w),w;) _ d"S%w)
dw™ P do™ | _..

Slope matrix and first derivative (6+6" order two-center expansion)

a)
( (b)
-EDS
T 034 =8
<) -
o ©
2 024 &
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[ o
T 01 o
©
o
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Accuracy: slope matrix and charge density

M%J=Z/MWMrM

R /92r
0.04 T T T
fcc Cu
w=2.669 Bohr
o 0.02 -
c
o}
=
(&]
9
LJ
< 0.00 —————g—————=¢
-0.02 - - :
4 6 8 10 12

max

Fig. 4.7. The calculated charge misfit A, for fee Cu plotted as a function of I, ..



Optimized Overlapping Muffin-Tin potential

v (r)=-[cos(2nx/a)+cos(2ry/a)+cos(2nz/a)+3]

O. K. Andersen, et al. (1994)

percent error

VEp(F)=Vm(r)

v(s)-v,
N = O = N WO 01 ©O 01 O O
L B BN BN B LN NN A RO B

Vmt(F)=Vo+Zr[VR(rRr)-Vol

06 0.8 ‘_ 10 12 1..4_‘ 16 1.
potential sphere radius (a/2)



Optimized Overlapping Muffin-Tin potential

Examples: Fe-C
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Coherent Potential Approximation

Soven, Gyorffy
1960°, 1970’

CPA
effective
medium

We solve N single impurity problems
(order-N in terms of alloy components)



The EMTO-CPA method for alloys

Kink cancelation for the effective medium

Z t'{.Qr |:5IQrLrQ.rrLuI::H2.kjl — rﬁQ:erDQrLJQrLH(.‘I]
QUL

b ;.’}Q::LHQL{.':.I{II = ﬁQfoﬁL.rL.

h

Impurity Green’s function (Dyson eq.)
Efffictive medium Green’s function

doLor(z) = Y ch dhror (). doror(z) = dorar(z) + Y darqre(z)
y

i £ FRLE R
N — |

b DE?I”I:.?]II’:T‘[.HLM — Jﬁ'{:}LHQLm{.?:I] -(-;EL-”IQL'I{::I'
Self-consistent solution is needed.

Similar like in EMTO but now it includes the impurity potentials and Green’s functions.



Total energy in EMTO/EMTO-CPA
(The Full Charge Density method)

After we solve the KS equation ;
[ V7 +v(Inl D}, ) = £ ¥,(0) ] E[n] =Ts[n] + 5 f vi([n]; n(r)dr +

we construct the total charge density J ve([n]; )n(r)dr+Ey[n]

[ (=) |'¥0[ ]

&iséey

¢’ is the concentration for alloy component i

and then compute the
total energy (valid both

for ordered and disordered
systems):

Etot — T + ZZ tntraR nR + E.E;"CR[RT:R]) +

+ Fiﬂter[Q] + JESFIW-

The last term is a “small” correction for random alloys (if CPA is involved).



Annex: All integrations over the Wigner-Seitz cells are computed using the

shape function technique

1 for rp € 2
0 otherwise '

or(rp) = {

or(rg) = Y ore(rr)Yi(Pr).

f nr(rr) K([n];rr) drgp = / or(rr) nr(rr) K([n|;rr) drg.
2n

c
SR

Q is the WS caell,
s¢ is the circumscribed sphere

034 036 038 040 042 044 046 048 050 0.52
r(a)

radius or(rr) nr(rr) = Y fpc(rr)Yi(fr).

/Q aln) K(ira) den = 3 / iR () K (rR)rhdrs,

KL(TR) = /K([ﬂ-];I‘R)YL(??‘R)d?A‘R

Most of the 3D integrals are reduced to 1D integrals.



Total energy: kinetic energy

Kinetic energy is computed from the Kohn-Sham wave functions or
one-electron energies minus a potential dependent term:

E[n] = Ty [n] + 1JVH([n]; r)n(r)dr +

Tin] = /;p;(r)(—v?)u*fj(r}dr 2
G5 J ve([n]; )n(r)dr+E,[n]
— Z € — /H(I‘)’U([ﬂ];r)d[‘.

1

The second equation comes from the Kohn-Sham equation.

The first term is the one electron energy or band energy.



Total energy: intracell energy

1
Intracell energy is the Coulomb energy E[n] =Ts[n] +7 f v ([n]; n(r)dr +
between electrons within the unit cell:
f Ve ([n]; r)n(r)dr"'Exc [n]

(%)E PEL(?‘R)

1,.-'/;1_?:' S?Z i
anraR[ﬂR - TZ/ H’RL(TR)
L 0

T
+ (—) QRL(TR) 2ZR RﬁL Lo errR

w

Var

-1
Phu(ra) = s / (o) () (dr

QzﬁL(?‘R) = 2}/?1/ nRL ( ) .rh)Ed-rfR.



Total energy: intercell energy

Intercell (Madelung) energy is the Coulomb energy
between electrons within different unit cell:

F::ﬂer ' — Q00 Z Z QRLAIRLH’L’QR’L’

E[n] = Ts[n] + %f vy ([n]; r)n(r)dr +

J ve([n];r)n(r)dr+Eyc[n]

Q-0 moments for fcc (111) surface

RR' LL’

Mutipole moment of the charge density: g oz}
g 0.15}

i A% -‘-1?T o
@rr = 20 41 w HRL TR)?RdTR — ZROL,Lo- g 0.10}

8
% 0.05]

=
- QL = 0.00

1

Rb Sr Y Zr Nb Mo TcRu Rh Pd Ag



Total energy: xc energy

1
Exchange and correlation energy from 3D integration: E[n] =Ts[n] + f v ([n];r)n(r)dr +

[ ve([n]; P)n(r)dr+E, . [n]
s
E,.[ng] — / f ] b (0 R)eae([ni]; TR)

*m.am 16 | —————— 7 |
A—A(11,21) | m

X Z orL(rR)YL(FR) TR drr sinfdfded. | S388 & 4.,a.0..0)
L .| < | ‘\\‘,."

m; ) 18 12 16 20 24 28
£ 4 ‘
Very slow convergence with respect to <ol
the number of angular mesh points and -4}
[-truncation. " s
6 10 14 18 22 26 30



Demonsiration

Pioneering test
calculations



Bulk properties
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Surface properties: stress

= /icp (0001) bce (110) | hcp (0001) Jfee (111)

OO0 EMTO
o O — PAW

surface stress {mez)

Y Zr Nb Mo Tc Ru Rh Pd Ag

Fig. 7.7. Theoretical surface stress for the close-packed surfaces of 4d transition
metal. Solid and dashed lines represent EMTO and PAW [168] results, respectively.
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Elastic properties
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Elastic properties
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Fig. 8.18. The low temperature theoretical (EMTO-LDA) and experimental
[239, 244] Debye temperatures of Agi_.,7Zn, random alloys in the fcec and bee crys-
tallographic phases [115].



Crystal structure, transformations
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Fig. 8.19. Concentration dependence of the theoretical (EMTO-GGA) equilibrium
axial ratio (¢/a)g in hep Agy —.Zn, alloys. The inset shows the calculated equilibrium
atomic radii w as a function of Zn content. Experimental data are from Matsuo [248],
Massalski [247] and Pearson [232].
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Effect of magnetic state on the y-« transition in iron: First-principles calculations of the Bain
transformation path

S. V. Okatov
Institute of Quantum Materials Science, Ekaterinburg 620107, Russia

A. R. Kuznetsov and Yu. N. Gornostyrev
Ural Division, Institute of Metal Physics, Russian Academy of Sciences, Ekaterinburg 620041, Russia
and Institute of Quantum Materials Science, Ekaterinburg 620107, Russia

V. N. Urtsev
Research and Technological Center “Ausferr,” Magnitogorsk, 455023, Russia

M. L. Katsnelson
Institute for Molecules and Materials, Radboud University Nijmegen, NL-6525 AJ Nijmegen, The Netherlands
(Received 14 September 2008; revised manuscript received 23 February 2009; published 24 March 2009)
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Electronic Correlations at the a-y Structural Phase Transition in Paramagnetic Iron

I. Leonov,' A.IL Poteryaev.”” V.I. Anisimov,” and D. Vollhardt'
'Theoretical Ph wsics HI, Center for Electronic Correlations and Magnetism, Institute of Physics,
University of Augsburg, Augsburg 86135, Germany
2Institute of Metal Physics, Sofia Kovalevskaya Street 18, 620219 Yekaterinburg GSP-170, Russia
*Institute of Quantum Materials Science, 620107 Yekaterinburg, Russia
(Received 25 August 2010; published 11 March 2011)

We compute the equilibrium crystal structure and phase stability of iron at the a(bee) — y(fee) phase
transition as a function of temperature, by employing a combination of ab initio methods for calculating
clectronic band structures and dynamical mean-field theory. The magnetic comelation energy is found
to be an essential dnving force behind the @-y structuml phase transition in pammagnetic iron.
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Paramagnetic Fe
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Paramagnetic Fe

275

2.70

w (Bohr)

2.65

2.40
08 0.9

1.0

1.1

1.2
cla

13

1.4

15

1.6

wnl DOS sutes'Ry)

& & 8
1

1 NmFe phase |

DOS (arbitrary units)
T
.-
- T T
al
ok
=k
Rt
: L
: -
; L
&

PREEN e e s S e S B '
% r ”\/ o
B PM Fephase 7
g RAS S E ;
« 1k . .
ﬁ i S>. Lol - : T
- £ H
_s PR o .
S‘ o i &7 1 1 1 1 1 1 1 M -
- 08 Q9 10 11 L2 13 14 LS 16 ' 1%
=
a2 cla .
- .
= ! .
g HE )
8
L . 12 ]
I o
N 1.0
L -
1 1 1 1
-0.8 0.4 -0.3 402 -0.1 0.0 0.1



Paramagnetic FeCrNi alloys

(stainless steel)
Stacking-fault energy
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High Entropy Alloys

PHYSICAL REVIEW B 87, 075144 (2013)
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Phase stability of HEAs

Structural stability of NiCoFeCrAl, high-entropy alloy from ab initio theory
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First-principles alloy theory predicts that at room temperature the paramagnetic NiCoFeCrAl, high entropy
alloys adopt the face centered cubic (fcc) structure for x = 0.60 and the body centered cubic (bec) structure for
x 2 1.23, with an fce-bee duplex region in between the two pure phases. The calculated single- and polycrystal 0.0 0.1 0.2 0.3 0.4 0.5

elastic parameters exhibit strong composition and crystal structure dependence. Based on the present theoretical E : Do
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FIG. 3. Magnetization as a function of measured temperature for the as-cast
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30+
60 | _
-
[
50 F é 15|
— )
3 a0t 'i
= g 0.0 -
E’ 30 - &
= L
— 20f = -15F
wl
o
10 =
)
I 301
0

o

——PM - fec

—O—PM - bee

—a—FM - fcc

—a—FM - bee 4
L 1 I 1

E x=0.5 i x=1.
I T T

28 (degree)
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Longitudinal spin fluctuations in HEAs

OPEN Thermal spin fluctuations in
CoCrFeMnNi high entropy alloy

Zhihua Deng?', Stephan Schénecker!, Wei Lit, Dengfu Chen? & Levente Vitos(H+%*

High entropy alloys based on 3d transition metals display rich and promising magnetic characteristics
for various high-technology applications. Understanding their behavior at finite temperature is,
however, limited by the incomplete experimental data for single-phase alloys. Here we use first-
principles alloy theory to investigate the magnetic structure of polymorphic CoCrFeMnNi in the
paramagnetic state by accounting for the longitudinal spin fluctuations (LSFs) as a function of
temperature. In both face-centered cubic (fce) and hexagonal close-packed (hep) structures, the
LSFsinduce sizable magnetic moments for Co, Cr and Ni. The impact of LSFs is demonstrated on the
phase stability, stacking fault energy and the fec-hep interfacial energy. The hep phase is energetically
preferable to the fce one at cryogenic temperatures, which results in negative stacking fault energy at
these conditions. With increasing temperature, the stacking fault energy increases, suppressing the
formation of stacking faults and nano-twins. Our predictions are consistent with recent experimental
: findings.
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Longitudinal spin fluctuations in multicomponent alloys
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A fracture-resistant high-entropy
alloy for cryogenic applications

Bernd Gludovatz,' Anton Hohenwarter,” Dhiraj Catoor,” Edwin H. Chang,’
Easo P. George,”** Robert O. Ritchie**

High-entropy alloys are equiatomic, multi-element systems that can crystallize as a single
phase, despite containing multiple elements with different crystal structures. A rationale for
this is that the configurational entropy contribution to the total free energy in alloys with
five or more major elements may stabilize the solid-solution state relative to multiphase
microstructures. We examined a five-element high-entropy alloy, CiMnFeCoNi, which forms
a single-phase face-centered cubic solid solution, and found it to have exceptional damage
tolerance with tensile strengths above 1 GPa and fracture toughness values exceeding

200 MPa-mY2, Furthermore, its mechanical properties actually improve at cryogenic
temperatures; we attribute this to a transition from planar-slip dislocation activity at room
temperature to deformation by mechanical nanotwinning with decreasing temperature,
which results in continuous steady strain hardening.



Summary

(1) EMTO-CPA reproduces well the experimentally observed values and trends
of the structural and mechanical properties of ordered and random systems

(2) special attention must be paid to the MT potential and
single-site approximation

Important features:
. Localized MT orbitals (similar to the screened KKR)
. Smooth energy dependence of S(e,k)
. Optimized overlapping MT potential
. Proper normalization
Accurate Full Charge Density

Accurate kinetic and total energy



