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Variational Principle

Given:

• a state |ϕ⟩

• an observable A =
∑

i λi |ψi⟩ ⟨ψi|

Then:

⟨A⟩|ϕ⟩ := ⟨ϕ|A |ϕ⟩ =
∑
i

λi |⟨ϕ|ψi⟩|2 ≥ λmin (1)

Idea:

• Encode problem in λmin
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Quantum Chemistry
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H(x) =
∑
p,q

hp,q(x)a†paq +
1
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Combinatorial optimization
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Express problem as ground state of Hamiltonian

j k

Hj,k = diag (+1,−1,−1,+1) = Zj ⊗ Zk, Z =

Å
1 0
0 −1

ã
. (4)

Observe that, e.g.,

• Hj,k |00⟩ = +1 |00⟩,

• Hj,k |01⟩ = −1 |01⟩,

• Hj,k |10⟩ = −1 |10⟩,

• Hj,k |11⟩ = +1 |11⟩
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Global continuous optimization problem

original problem Hamiltonian→ minimize
cost(θ) = ⟨ϕ(θ)|A |ϕ(θ)⟩

Different ansätze: |ϕ(θ)⟩ = U(θ) |0⟩
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Example Ansatz

Using 2p parameters γ = γ1, . . . , γp, β = β1, . . . , βp, prepare state

|Ψ(γ, β)⟩ = UBpUCp . . .UB1UC1 |+⟩⊗n , (5)

where the operators have the explicit form

UBl = e−iβlHB =
n∏

j=1

e−iβlσ
j
x ,

UCl = e−iβlHC =
∏

(j,k)∈E

e−iγlwj,kHi,j ,

(6)
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Expressability of Ansatz

Theory

initial state

solution
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